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at x= 0. Theorem 10-la does imply that there is a unique solution to 
. this problem for x > 0. . 7 
é : : — 
a ’ a - 
w e 
* ‘ 
, - 
t ‘ . . 
. \ . 
® y) ms . ~ > 
Ee oe ue a oy “ ‘ 
; , : , 
. : , . { ™~ : 
09 


4 


Solutions Exercises 10-1b 7 a ok 
wo {oe * 
2 a 


Solution of ‘this problen using : Seppretion oF variables would proceed as 
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7 . he ; Fs m : x Sad a 7 
- Pe, 2 =,200 + ge,» 164? ; : 
eo Blt = 5)(2t + j. =.8 ° 
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,. depend on A, for the expression holds only for & v 
a = . = < ad. ’ 
_ 18. We are given = nn 4 a _ < 
. : tS : . . qe 
i s" = g s({0) = 0- st(Oo)=0.. , 
Sanna Boi se ener 


re 
“ERIC? 


i Ss . veetagt 


4 which’ expresses the facy thet the velocity is ‘proportionil to time, . cay 


3 ~ ; 
? . z . : 
i 2 


TO 
85 


J * . . 5 ae 
* ' 7 7 . : ‘ 
\y : . _ 
oo r | 

~ : . . . . 5 ic ake. 7 3 oo 
. x ¥ 5 
_ . el “e ; s(t)*= . . ae es : 
. -_ - 7 fe -y . ; “3 . = 7 : 

. is — 
hig, 3B $0 ‘that - _ s(at) - yet a) a ae 


» cs 
direction of méasurement is opposite. to the direc- 
+. tion of fall. —— - 


: er ok ae : an : s os - 2000 - . : . : ; 7 . re 


1. y “6 “36, since the 


: 


av ~ s 7 


. ; 5 : A : | i : . | ne sph td, . ase . * 2000 . 2000 * s(t) : : ; fan vos . 

- se , ° , - % . te ? r ‘ 7 % : > 
— 20. {9) If she utr resistunce is negligibYe, amd os t) is the distance: % 

. a ‘ from the paint. of ie ‘the: method of Biercises 8 and 9 tells us 
ou r 


whet the, tody strikes the ground when t% = 25° 


‘ 
aoe 


Bins Bs known shat the’ body does, not strike the ground until ’ 


‘ ; 7 = 30, we cun See that air resistance has a significant retarding 
O° \ : 7 2 2 ‘ . 
. Roe eG \ effect. Coat . . : i ae an an : 
= {b) If s(t) .is the > distance (nessuired downward) from the point or? » 
: « throw, : a a ans 


’ 
Se 
a 


= 32, sl) 0, _ 


: and,.we wish to determine v(0) < s*(0) & order thag, be 
J “8 (30) + = ee r 
. / Integrating, twlee ‘gives _ - 7 Sone . 
; - care * 
: sae . z ; : = ° s 
mm i : ' a s(t) = lot’ * at +b 
is ’o) BRilves « : 
F : . : ; ; . 
‘2 % / sf th 16% + at a 
ss Gana BL ae - 10,000 nives a ; 
a w ‘ 
7 : . . ” N Aa 
a t “N65. ’ ‘ 
3 a : 
bit ety} - 2 £0) * ve so the bakl must be thrown upward: with 
‘a fy nltial veboe Lag of AMES feet. per second, —~.! are Np ee ya 
Beretta eee nou 3 = 


ug : ‘ ue ‘ . > Ht ge # ; SS RR 
2 - RIC. eet Pe 4. ; : ; : ae a 
. Ig : i oe . 


.e waa fg 


NN . A . e 
; a1: ta) yrtr+e ° 
S YY y? = Pt + Rag » ‘ ; 
mle ap - Oe heh \ a : - : 
a : ; 4 , 8 . : \ yy 
(o.) y =«f-g © ee < : 
: : y = ft. 4 
% 72 ra = gis hehe re) . _ 
(c) If y" ’ hy, @ = h, then (o). tells ug that g=y- ft satisfies 
3" zy). — : . A - 
Hence, y has the form ' 
xy °2z + - f) = ee g. where \g" =\0, ; 
and (a) tells us that such ay isa solution |to yy =he 
22, {a) Integrating £"(x) = sin x twice we obtain f(t) = -sin x. | 
So f(x) = *sin xX is a solution to y" = sin x. : 
The solutions to y" =0 are of the form ex), ax +d. 
Applying a1 c) we see that all ‘solutions to y" = sin x are of the 
form y(x) = «sin X + ax + bs , ; . 
- 2 5 “ 5/2 ‘ 3 ; oa 
(vb): yx) = “ + ax +b . | a. * 
. a ~ , aN 
7 od 8 Se < 
; ’ e. 
: : 
Y ‘ ry 
2 e 2 : 
' = Y . : és a ? ‘ ; . 
~ . He : eS. Si eee ae ae 
? 7) : geeks 
ae. 
» - a < 
~ 7k2 : 


“ERIC. wt oo gag 
ea ne 2, Oe 


-* ae “a 4 « < 
Loe : — < aS ar) 
a . ; bine ‘ i , 8 : =) 
_ n Ge . Solutions Exercises 10-3 ¢ 
8 » =ct . : . ek -_ ; en 
1. We'have w(t) =,Woe | and wish to find ae ” 
7 , _ : . oe - a) ; . 
W727) =7.70 ™ w( 30.8)» 97 30-8¢ i ee er 
eo wy * © 2s wy.“ 
- Given thet = = ke7? 854 “we have e380 2 = Gs : SL 2 
. : : baad : Loe. . 8 - ; = . ‘ 7 . : cy i < 
' ‘ & ‘ ei eTe - (e7> Dey - eh? = 1 : ? Se . s ; 
—— . 2 ye. : : 
Arter’ 7.7 days, fF is left. , os ‘ ee + ~ 
‘ 4-30.80, «3.858 2 1 i = \ 
8. 2s fe 3. 2 ) 7 (5) = B56 2 F . a ; 
> Se Arter : 30.8 days, ad . left. a Soy ar ts 
. . - We “ean solveathis probleni more widickiy Lif we , nora: ba both 7.7 = 
= : 30.8 are integral multiples of the half-life h=3 -85.. = 
: ' After one halt- “life, half of the original naterial remains; after two . : 
halr-lives, half of that half, or one quarter of that original material = a 
: remains, and so on;” so “that if a ts the number of hsie- “hives, = og 
' Wah) : WO x QP .: a i 
ee ere sey, pve 1 <3 to° 
and w(7.7)° = wl2 x 3-85) = wo) x @), = w(0) x Foy ee 
. . : . v 
cand ee) > w(8 > xX 3. 85) = wo) x «@ = wo) x 356 
- 2. After ie 4” minutes 3s . 107 is ‘Left. After 80. yo Soba 5 is*: 
‘lett. . ee : : : ‘4 : 
Note that here we are dealing with one hele of a half-life, and oa vite bs 5 ae HE 
a 2 ee Bris : 
~ ‘three half-lives, so that the result ing fractions are er ee er ee 
‘ : N . : _ j : : x 
7 re 1/2 ee 4. and - aie e Fe: ‘ . a a. oo . 
3. The ha Lite is Se 05 eee - 4 a ee 4 
a Here. = (ay Ls he fraction remaining afte le. 2 “minutes. 7 _fience, ie 
on re Ee, minutes ‘must: be 4 Ralfelives, 80 that one ‘nalf- “Life is 3. 005 
a minutes. . ; ; oe <% 
Same Pl. . d a : ‘ 
oe 2 2 oF 73 ag. | . 
= $s] 


a , Q _* . a ee 2 : j oy. , ‘ 
CEC ee 8 ee eg 


a i > ‘ — zy . 
Ly ‘ . ‘ a*® a “y . “ ee ‘ > 
; — a 
i % ..° . : e 
Bes — Se ake .. ¥ tees 2 : . 
: “hy We have wf t) = Ke - and are given that. 
: “ yy. = i “ko a net 3 = ae 2 fs . 7 . . i e . » 2 
. a Bo% far i Wty) = 2. "3 eB 
oe _ .The solution ‘is i yi _— ; : 
= SS oe we 9 8g) 228 re ee : 
ty ar. o% x 
Y . ~ x 2 
, ey. 3k : . et Mowe ‘ : 
5. We hav” W(t) = Ke ~': and are Avnaiat “= . . 
: oy = : . . ae m \ * 
sa. 25 “y 3 i: = ° a 4 . 
2 a PS, ER Re Se ee es 


— “und wish to fina’ -t"'so'that B= eC", The solution ts nme 


s : \e ‘es : ro e ‘Log, 2. n a “Log, >. e x a , : i 

Ww as : os . ta — a ae ee aS n 8.10. x Ww. —- . N : 
a ’ y : : , 3, AH AG s-8 108, . 4 108, 3 . ar _ . ; ‘ 

Tae > 6 We have. wit) * me"°* and, are given-that cg. eS — | 


ng a ees ~3000e 


Ge 2 * (3 ag Wleeiete 

ws ae ae 7 : (Gio) = gerbloe 

7 : x fa > . = ae oa : . | | 

ea - -2(30 0 tbeN8) 2 2 eee e- 
et ee aces a : 


—e “te 6.* w 1073208 5 20" -.15053 = ~ 
= 4°38 


oe » © 1 ee whi, . 
= , Tr we use. a 20 yee ag the half-life of radium (Example. 10-30), 2 “then 


2 


ce 7 27 8L0c" 


ute) = ézoyi/2 ghW? Bt 


= ae 
Be oa ~ a eee ae 


Te the | powecion ‘in ee wad “435200. eer 7 ‘ 


8. Tf we use the. assumptions of Number 7 to calculate the 1660 population at 
i ee ” from: the population figures or 1920 an1940, . we obtain the. estimate ‘of 
oes \ pe 163.7 million. Since this is far below the actual population” ‘of. 180- 

million, we must cone ude that the rate of” growth of U.S. population: is. *, 
: ¢ a - - a not Forportional tot the’ pojjulation oe but somewhat greater: fe. 


9 (a) 2G) = eee oy, ye 


Se ee f(x)f(0) Since f{x + y) = f(x)fly) for all 5s 
_ ae : _ ’ a r(x) "Oo . ; - - _ °. 
=. 207 _ 
63 oe : % ’ . 
i . tb). ffx) = f(x) r(0) - implies thet. either r(x) =O or eto) - =i, 
, ¥F. ‘t(o) }- oO, then - #(x) a “0, aid ro) <2 muse be true, or 
Sltenuitely, ° oo ‘ a . 
, (0) = “elo 0) : . ‘ 2 - : ~ . vr . . 


- £fo)eto) ” . . ae ~ St. cee ong . 
SS f:()) a 


aN , 3 


= 3 whieh holds only if £0) = 0 or f(0) = le, RN ‘ a 
a : , (e) If f(0) =o,” Ss * . - 
| (1) gives 16) = 0, end ~29(x) = re(g)e(x) = 0, - 


tr ¥(0) A Op my 
| . : 
: .2 (14) ‘elves P(O)= 2. . 
ae Since tts aifferentiable at “0, we then’ have _ OS lee. 


-. * - h>0 | 4, Ba oS NS 
. , os _ : 7 lim. £& h <n t 

. : ‘ * 
: a : h*»o 7 3 tog 
. . _ tt(x) sy lim PO oh) = f(x) 


hao: 28 i ee: 


om wee * | teenth ac a A lim Pd etn) = E(x) & 


ae ; ie oe Sea can o: - 


- - , a” ly _ x. * Lim " P(x) fn) : 7 ae ~ 


: . aa < ) - et(0) = tim 2 n te) - an ce fo 


eee, 


3 r(x) 18 th) = | _ s 


. : P h "= Q ' ‘ . . - . 7 
re BC 2 Haletto) ie, Bese ee : ce PSAs Se ae 
" & + da). From (») and (ce) we have » * | . & 


£t(x) * ef(x): #0) = ee TO, - i mae 
eo 2 * Theorem. 10-3 38 tells us that , ; . | ie 


a 2 & & 
’ ws. 2 , ‘ : = : f(x) 2 Ke“*, ° ‘ 77 - 
a 


: . & : . es 
. 7 7 eo. 7 7 5 7 vo : 
F IC ° ‘ele so ye . are wos aes os See 
sk > Oe. 7 . 7 “ , 2 .* aA . 7 AS 

. . : a a. : * % . sage F 


im 


Also £(0) = K = a so that 
ex) ee where = ¢ = ft(0}< 
wid. If ¢ <0, | | 7. fe 
: * wo, K>O. 
. Lim f(x) = lim Ke“ =f 
x ~> 0 xX > ~w, K<O ‘ 
, so that .|f(x)] becomes ‘arbitrarily large as x ‘becomes large. 
tr ee e }, y \ , ‘ . < 
‘ 2 : & K ss 1@) ¢ oy ‘ et 
him f/x) = Mm Ke% = = . f 
xX > o “Xe | ‘wm, K <0 
# ‘ R . 
Bo that lf(x)! becomes atbitrartly large as x becomes yarge. 
ue (eo) (fe g)h ett eat - 
. = ef + (og + h) . _ 
‘e " 2 e(f ‘}. a) +h ‘ : , 
* ip) Ce ~ ge) = ft - @? a 
2 : 
= (h +-ef) - (h + cg) 
ie oy, a lt - ) 
ry » ; ee ‘ . : 
° (c) "We are given “g! = cg + h. os a a as 
: . “4 Suppose ‘y is any solution to yt . cy + he We can write “* 
yeet(y-a)= g +f nd part (b) gives (y -.g)" = ely - )+ 
“ . Conversely, if y=@+ ft where f' = cf, ‘then part’ (a) gives 
yt scythe = | | ak 
ar - 3 . 
» ge A (a). ix)t sé goed ao = a . ‘ 
; a (bo), life) and 12(a) state that. all senmtend to y®-ysl-x sre - 
” of*the form y =x +f where f= ct. : 
‘From Thearem 10-3a,  f me avg, the form — = ? 
—* 7 . r(x) = Ke, _ 
‘ 
ae ta) Show that y &-. = is one solution to - y* * 32 = > then ep, 
: le) ag was. ae in ain —<— PE 
" 
~ % 0) Set x =O, y* oF: in y: 2 + Ke > and K=- 22. is determined 
oe a uniquely.  % = Ss z 
ise “ye 3 ” : E » § eo, 
Se . i. Pea 7 
+ 
ees . ; 
% ng 3 i. ‘4 
° ta ee ; FI ts 
E IC bey " > ey 5 Sa q : . ae 
ANS _ . ae ve 
Xs = 


. 
’ ha 7 ? . - = 
7 * - P Re a > : a0 
“ow TS. THe issetersston ovtf)Vooto she Sum or : ™ 
‘ eo a . . ies 4 : a: = : < > . 
e il tre goceleravion due to gravity 
. 
’ pe 
z at 3 7 ys 
. + . 
See : a 


; fai) tne soveleration. due to air resistance, which ls proportional to v 
r=ky where k is constant, * 


ravity and air resis stance are operating in opposite directions, : 
oo 


~ ; 
“<a 

ur 

pos 

3 

ty 

7 

Fe 


. whos yo - os where : k°> 0. ° 
Since . (0) = 2, — 13(v) gives” 
pe eke) 0 t = ~ 
ee v(t) = 32(3 = eT), 
: . ve . 
. : x x” a 
ie * 3 (tu) « SR eae Se a a3 
&, va ow ; ip |x] ‘is small. - i ( 
Henee, iP tke! is small a : Sos 
a : v(t) = $201 ~ @7Kty <a | 
~ , . , Pee 
7. ~~ >] . * 
¥ » 201 - 1 + Kt) = get. 
= 7 ’ es . c bs . _ ° ia * 
: fe) As t a%,. an ~0O so lim v(t) = 2 oe" 
: . Be 
\l5. ‘tevtoh?. Law or : os states 
\ * * . 7 uN 
. os 4 pele) = (Tt) +8) ei @ a ow | Oy 
‘or, vince : . 


rant) = (ule) + Bt = gt(t) 


Lt could be .tated in the. orn 


e . . * ve 


: | _ Bt(t) ~ ait). 


(a). the result comes dlreetly from Theorem Hoes oe 
. Pr} pg . pti = tty) - , 
7" : $ 2) =(9) .B ; 
This lo the initial difference in temperature between the body a 
° and the . ‘arround Lng. med Luis _ ve ee SS ages | ee ts Soot Ste eet teen 
ssc arsadh * Ria sare, air 7 2 ® es 
(c) fy tlo) >R, then A °%Ho) SO.) . 
16. From 18 ful) snd pets we huve _ 4 oo wae Saag 


_ mt) = ss Boat? - 


fa) ovaing TLlo) = 50 we “find oat “TC20) = . 65 5. Thus phe temperature . : 7 
after 9 Ataaek is. 65°C, / : ; 


. Th? 
is : te —_ 


. “Se Z & 


.? 


—&) We. wish to solve the equation 


7 t) = ho for te 


ay . a > v 
10 log 
. 2 a a) : q s 
Log, ‘ 
* 10 log, 4. 
ee bs = a 
log. R Log, 3. 
~w Oy wire a ™ . . 
~~ oT. Case 1. Ada the cream immediately. ‘The temperature of the mixture is 
. then. : ° , , : 
Fo 4 t ' . oe 
- w0(9) a =) - 2. 7 
P| Sas. i a ea 
since > of the mixture (coffee) is at 180° and * (cream isa 
’ . is . . me ‘ . 
180° and S {cream) is at 70°, If T(t) is the temperature +. ‘ 
. minutes later then from Number 13. . - we 4 . 
ad . 7 2 . - ; . 
ia a ; Tt) = Be ‘he a . 4 : 
_ where a P = room temperature = 70 : 
and — _ A+R initial temperature 2 60 +70. - 
. , 7 . : . <é Y ae ; ° : a 2 7 2 
Hence, . Ae 660 so T(t) = oe eo ¥ 70. , 
. : a fe 7 Ni; 4 » K 
> ae Case 2. Add thé cream at.timey t. In this case, the temperature before 
the cream is added ‘ts , ee 
: 70 + (280 = To)eS® = 70 + 1209 4% _ 
% y . 
-AngL ... re x 70 = Foon temperature ; 
and 180: - ~.70 = initial temperature difference. 
_ Thus, mixing a time | : glyer the temperature : 
. (70 + re) (8) +703) = = e+ 10, os 
> ro < ; . i . ‘ ia : ; ° 
bY < ‘ , gy - 
See ee gigketr hy the sane to Poube inlase Eb. Pherefore, it makes no*differdnce 
: ' when the cream is added. — ca ; 
\ * ° 
ww 
~_ . . 
rR J , 7 
ry 
bY ° °f ‘i 
~~ 7Th8 ¢ 3 ; 4 
_ (<) : f . : 
- ERIC- 


’ Solutions Bevcises 10-4 e = 
pols The assumptions used in Example nOetS are | 
" (4) Newton's Second Law of Motion: 
F = ma where y = a 
aaa) Hooke's Law: | : 
F = -ky 
where k 4 ts the spring constant o_ 
oe 2 oe eyed 
es. Solving, Oe-cbteia 


y = A sin wt + B cos wt. 


7 


= 


. : i : - : 
fk w= /k A= £0 B= £(0) 


+ . (do) We are given £(0) | = 0, #00) =1 and so. —£(%) = = + sin art. 
te) tl) = 0, £1(0): oe “ el) =- 2" sin aut e | 


f(0) = -2,-£°(0) =3. ° A £(t) -3 sin wt - 2 cos ast 


, #2, f*{0) = 0 | ; 
F(t) = 2 cos at . * ¢ ae 


(a) "g has '&@ period of p's means g(x) » g(x + yp) for all x, 


~ p20 is the smallest constant for which this is true. 


§ —. Now: cos x = cos(x + an), 4 bese "cos x has ‘period 2x. 
|  £(t) -= 2 cos oe 
~_ ce * 
#2 cos (wt + an)” . 
ees 7 2 2.eosfalt + Bp ae 
on 
gq a =e ° be 
: * , ‘ 5 ‘ ; Oat * 
; . & 4 f(t) has 8. period of . a . 
Q , , . a 
e : : 
aris) - 
2 . ee: : 
-. NG: 


vd 


(a) We are given f(0) = -2, £'(0) = 0 and so £(+) = *2 cos. wt. - 


where 


in . ; 7 y 


2 
: ay 


Y 


(ve) The mass 1s ficken: right at “tis O, so it is furthest left efter 


q : . a x 

3 7 ” _ @ half. pertod, fone, cat Sy 7 oA? 

< : “ 

bas = - eae wi 

e4) = ex 8) 
od = } coon 

eo eee . 8 
The mack movercnt mont  ° units to the lef. (Tis can be reen I 


directly “py® not ing that minimum K cos x = -(maximum K- cos x) = *K.) 


(c) We wish to know the smallest value t= t, >0 for which 


2 

. 3 cos at = 0. 

: . 

Solving, we obtain - Saw 4 oo «oe 
3 ; .. MS 
a . 
~ ; 9 
> ‘ 2 2p * 


> 
» 


“fay? rt(t) = +22 sin nt . and the velocity when the mass firg 


erosses 
Boos O is given by: - -7 UN 
te) wba stan 
\ f (v5) ay sin ) 
- = posal) 
~ fe) Geloctty when mass is furthest right is £2(0) = ' 
a “ Yelocisy when mass is furthest left is given dy: te ‘part, £00) 
ag 4 
¥ ; 2 
(i). - -°n sin tee 


‘ en 


? -2n(0) 
a : _ . . <0, . . 7 eh 
a : ‘This is evident Imediately, if: we recall that the “maximum and: 
: eta tviks values of a funetion f exist-only when ft(x) = 0 or 
f*(x) is not defined; and that the derivative of the cosine 


~“ 


funetion is everywhere defined. 


Intuitively, t the mass is changing direction at he extreme peivite 


of its path. That. ‘is to. say the velochty “4s changing from, | negative ~— 


to poritive (or positive to negative); and must be zero. 
: ¥ 


ily 
ee 
a/ 
oS 
on 


| "leu 
‘ * 
‘Ze 
: '@) 
atom oat ae 
e 


. The position, of 8 mass on a a spring is. given by 


aad 
3 


“ERIC: }: 


- Recall i f » So from (aj we have that the ‘period of f(t): is 


ex , Eto) sin ort £0) cos a 


- g(x) = sin x and eis cos x bvdth have period an, bee, 
sin x = sin(x + 2n) 


and cos x = cos(x + ex). 


$ a , 2 7 , 
“f(t) = £t(0) sin wt + £(0) cos wt 


_ to 
~ F BS 


= — ae + S)) + (0) cos a(t + St) 


#3) 


sin (xt + en) + £(0) cos (wt + 22) q 


es f(t + ot) 


~ 


_.'. The period of f(t) is as and. does not depend on £(0) or. 


 £*(0). oe fags 


2 


& 


“. If the mass is doubled, the period is miltiplied by YE and 
if the mass is quadrupled, the period is doubled. 


The approximation equation of motion is siven by the solution. of . 
the differential equation, 
mig nk w= + : 
where | ok Sairsies sue to gravity = -32 
and . = length of the pendulum, « 
Thus, the etree of motion is 
f(t) = ato) sin wt + £(0) cos ast 
AB ae a = 8, ato) ‘2 05 ; ev(0) ° Q. Then 
Ro) = toto) Bt  gtheneies es Gees 
s ea Sharan nace ¥ ; : : * . ‘ 
» F(t) @ Be woot Eo *) .. : 


qt 
& 


es cos _° - =, * 
ba 2% 


\ 


eee ig oS gs ss ty * . 
7 oY aoe aes . _ + . 
ah . 4 . : * “ 
4 > 


5. 


me 


“wbich Ls or the form (2). 


(b) The period of motion is a. | 


(ce) No. : 
(a) No - 
“Meorem 10-ha states that all solutions y Ale. 
-* yyeary=0 wv h0 
“care of the form o . 
a ft) - Asin at + B cos wt 


to the equation 


(1) 


but A san (wt + B) = (A cos ve in cyt + (A sin B) cos wt 


* 


a 


: 


Let y be any solution to the equation 


a 2 


(a)! ya Sree 


a 2 


. 


2 


. | yo "e+ g where 8. is any “solution of y" ty 2 2+x and 


f 2 -f. » * 


ow 


a) 


y" = -wy-+ De (2) 
i Then y cam be expressed in the form | . 
% * ysly-e)+s ; - 
where g is the solution to (1) given - in the problem. Jiow 
_ (y= ateyt se’ 
> = ofysneoe-h ys « = 
= ely = By. : : 
‘If we say ff = y ~g then we have ysPFte where f£ = a - | 
’ ; | * 
¥ 


ae sy aoe is of the form y" + ary 2 h where p= and . 


2 + rae Thus, from Number 6,-all soiations are of the form > 


» 


From.Theorem LO-4a, all solutions to f" = -f are of the form 


 fFfeea-sin x + c cos Xx 
1 : 2 


Aas - 8 


and fron 7a), g =x is one solution of y" 
Therefore, all: solutions to y" vyees * 


a 


: Re + 8 ‘ + cos 
y 2. + 0), ans co Xe 


ia ? 
a . 
2 
. 


+y = 2 are 


r 


we tate a 


are ‘of the form , 


> 


s 
7 
N, 
= 
* = 
y 
. ] s 
x 
= 
ra 
* 
- + 
bs . 
‘e 
we 
wy. e 
s : 
2 
me 
Xv 
° . 
aerate Sree 
. : 
a 
. : 
* 
> 
wend 
ie 


is one sélution to the equation y" = e“y.. ir we let y be 
. _ solution to y" 


= fo: = 
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Once tHe student learns the Fundamental Theorem he may. come to believe: 


“that the original conception of integral as the Limit of a sum is not useful for 
ais or computation. In this section it is shown that the formal integrals : 
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= LOT te a function. £ is periodic with period. A> and integrable for all x, 
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show that 
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‘(n, dees) . Interpret geometrically. 


_ fatm > i ae atky a 
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are the same, it. follows. that: the integrals over;-the- intervals ; see 
° aS Oe i ay, a+ ia] sare equal and the, rege follows. es -. : 7 | 


Getmetrically > thé standard regions for the. intervals a ae ore 
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Note: This exercise uses ‘Bxercises £5-2 , No. 1(a) which requires, Section 
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; 10 that ‘ “8 - 8 Q oS : 
100" _ Ok 
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e From Exereises A5-2, Number 1a) \ ) 
ee ae { sin 2x ax-= i= cos 20 = 0, aan : 
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. . _ .. . : R : ous ‘ . % 
aw? 2 P : . ge . . 4 7 ; : . 
For every partition of [a,b], L=0Q -is’a lower sum. Since. 
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. The result is also an immediate cone escnee of aneoren ‘A5-5ae ; - 7 
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a 4 oe Also, Sottnaney: of f end 8 implies that there is some neighbor- ~ : 
aa | hood of > in which , oo . 4 
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. not integrable »; Theorem A5= ha. : c _ & 
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heQ . . he ni e 


from Which ‘the, Feoalt, follows ani 
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ee eee isa Bie oa of the fact that pf Vim’ pq 
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wv. be ae 3 > = + *= = 0,, show that... 
ww ee ne 7 ae 
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‘: ec et mag ) vsox* ". By the Mean Value Theorem (No. 16a) there is ‘a 
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? ax” i. a,x” ax 1 
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$ ” n + 1 n: 1 Bk 
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. “« 24 . ~~ % 
oe ee _ 
it, 9!” Prove’ chat if ffx) is integrable on [a,bd],. then “io Ae. 
integraple on [a,b]. : = 
y ‘< 7 . * ‘ 
. ‘ . ro, . a. ee Y 
_ . . x ae a 
? Por-evst positive € there exist a partition : : 
: “a Cesta an j, an upper sum U, and. a lower sum L over 
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‘vor whlch. 3 : “5 a . ok gk a : 
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\ wie iy 
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: ne eee 
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a (3). Te < Moe waning ML uM. and me 72 Ox ce have — - 
_ a . . wt ‘ at 
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a. Tat” Be a LSM = Be! ; a ae 
aa) cla 3 > a _Bking\ & = = AB and _s ae °: — Yes ee 
a : . 4 m1 as ea. bei ia » -_s : se 8 . *. 
eo Rage ss, Ks chee ae 
i , 26 oes Ta pis eae a ae os se _ “si ie ~~ a oe : 
ve ot : » : 7 Lee = ee Soy Pe By 4 
Le : * . * ‘ ve . an ae +e : Pees = - 
2 - Ss I = Lo < 2 = ies € , ~ tt eRe 2 a soe 
N : . bs Se =e 28 
a : oe ; . 
where U anid LL are ‘the upper and lower sums fon : 
: * 
Ir{x)! "constructed by use of the bounds M, and. “ eas 
%, a ® s , : ; ~~ » : ‘ A oS ~ 4 
“Alternate Solution + * : 
mae fase aeliieeecnieeeec cia 2 \ a 
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ao) «DePiné #” ana £7 by 
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Oy auf £(x) >6. 
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tix) , if fkx) eo, |. ale at t(x) $0, 
‘ . PO ., ig rs) £05 
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- . Since eles ph ry. it is: ‘aecessary only to show that co on - 

- ie are integrable in “order td prove that |f| -is integrable. Now, 
a 7 7 tor each positive € ; there exist a partition ™ep an “upper suv U ; 
= and a lower sum iL for f over. such that, in. the. notation. of oe 
the text, a a ae eet 4 


. @ a . » 


ar San mg) (x, sha) <« 
. Or iva “subinterval [xy 1 x] choose upper - -and lower bounds: out ial 
~ and 2 for f°: an conerss If f(x) >0 for at least one point 
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eo everywhere on ‘the interval, fake mu” = my = 0, ‘tn ‘either dave " 


= ae . . : “ 
Teas? : : Ci Moudnce a.  Qdwiie os ade eerie 
Me 7 SM Me a 2 ae 
: sinilarty, for f" che corresponding upper and lower, bounds cavity 
af 3 Gee MS BS Me er rr 
tt follows for the corresponding upper and lower Sums shes — 
rn ‘ >? 
ee ae oo 1 <€,u yea) clas <e, & *« gee 
PY o* > ? ie : . , ; > ; = 
Consequently, f* ami f° are Antegrenlé and 80 > also is [ft]. ey 
ae a 12 wan? oe? ‘ eos oi 
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a> =m 2 ‘ a - » ‘ 
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"19, Sudse eg of © ate 
_~ : a iif x. ig.rational “3G 2 ‘.. ‘ 
f(x) = —— ; ‘ oe PY 
aaa , a s el if x -is irrational an a 
ee : . ar 
, . Show that if uU ana L are eee and ‘lower sums for a perbivion of e.. 4 a 
‘ lo, i. then, u = Bo aad Li -1l. Is f integrable on [0,1]? 
Ss Number 15... ; 7 ; ; : 
“. > .Note that ir(x)! - 1 son FO,2]  agd thet. —* 4 
we Ge . ; 
yO —_ a ; : oe oa L ; . 
-  * ae tay 7 lea) ae oo a 
ee ee Joo - > & 
Thus, the rect that, Ve(x) | is integrable on fa, I does noPimply LN 
ee, shee f(x), is integrable on- fa, bo} 4 th 
 & e sa oe ae og 
7 ; awe oe . ee 7 ‘ . L . ; 
i . ie * : . ve _ il . ra 
¢  . 20. If £. and “g sare iieorsbis on [a,b]. Gen both max (e3a) ‘and | oe 
. ne min (f,2 are also integrable on tab]. : 
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= - - . 
Use ‘Number 19 and the results of Bxercises Al-3, Number 7:  ° Sa 
ie . * 7 Sa) 7 7 : : “ : 
Sa: ee oncitye) He + e+ le -al), %oe ot. oe 
a _ _ — 7 ‘ ; f nin(,¢) _ He + g- de . eds e a ‘ ‘ . 
eRe ee, a ; oo. 
_ ae the result follows from’ feces ‘A5-5b. . 
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~ mere exists 9. pertition . o and upper and ‘lower sums Uy, and by for _ : _ 


- f, U, and Le, for g, over . such that both ; 7 
; a . . 23 ; Uy mac < : and Us ~ L,< €& "> a. ; . 
_(For example, if Oy is such a partition for f, 4%, for g, Ase se 2 
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oo os ay Us p+) Let m", my" denote the bounds ‘for f' in the a 


+ ereasises “tor ‘U,,  and Ls, u* and a," ‘the corresponding: > bounds = 


Bina inde —for__g.. Set. b= max{f,g}. On eactr tutervar- 2 ee “choose as the - as 


. “upper pound for 4, M. = max {m," 2M," ); ‘as the lower. bound , choose 
ry > : : ty . : 
aa Soe 7 mo is . ’ < ; x 
eed - = % 4 m,,! 3 . .. . Fe : : ees 
a ee a M, = oy ; woe . 
ee ye | va, 7 ee 
ty . “ i nad . , " : & y att 2 ‘othervise, 7 a . “ 
na = r VEX S ? ; * ;, : “ os “ : “ 
SF, ry ei q * = : . 
7 eos 7 _ Se a 
‘ * . Pi x 
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— “ = ~~ : ss 4 wo 
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io < ° . “. A 
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+ Number 21. a : 

° 21. Let. f and, gz , be oon and - intervanie on Ta ,v). ; 
*. . » (a) Prove ‘es 7g is Antegrable on [a ab], ; e 


@ . es » re Re 


First onsene that it is sufficient to prove the result: when f and 


- . ae, g are positive. This is. true ‘from the boundedness of f and 4g, 
i 7 oa because there ewist constants e ‘and Bes such that. $= 24 bar 
“4 > and ¥=8 +c, are positive. If -the result is true ‘for positive 
- - functions then Oe-weofegt e+ + ion nt C5, “is integrable, 
, "ee hence feg is integrable. ‘ 
ites ‘No let ao be ga partition, M," ” and mt upper and jover pounds . : 
4 for f "and m,” for g,- on the subinterval t; } of 
2 ° . .? Mk "k o . a n “eee 
_ the partition, and let U*, BL’ and Uy, L ‘be the corresponding 
. upper and lower sums. For a sufficiently £ fine partition and 
a choice of bounds | : 3 ° : . os 
re : - . UF ~Il<e and van <se, ", # 
y i . a“ 
a rn “Now, choose ‘thee upper and lower bounds M. = Mi," a . 
me mm." my" ‘tor fF» +g. Then : P : a a 
“ nN n n ‘ 7 , ; 
: = sy “e aoe op) 9204, — = 2 4. : 
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ee ea ake ation Sie T 
oe ) where A: ‘dna BY - are overall upper bounds for £ and > 
*, = .. a alae ‘Form the appropriate: upper and lover sums for. fe *g. 
a over a . to-obtain oan a , ; i 
“  u-bL<Aa(ut - 21) ¥ Biv" 1") - pe ws 
‘ . < e(A + B), : . ‘ .,. 
a ‘ : - a) ; by - 
. from which 1t follows that fs 2g is integrable. - an 5 
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: ‘(o) If g is bounded away from zero, then 3 is integrable over [a,of. 


’ ao i or one: - 
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For the proof, it is sufficient, to prove is integrable and then, . 
‘to apply Part (a). Now Suppose ja(x)| 2 o>0, Let u“ena po 
= 34 be upper and lowet sums for g over. S. such ‘that U-L< €, ahd 
: let M5: my denote ‘upper and lower: bounds for g on the subinterval 


bbe 
mains 
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= by a% mnocne upper and lower. bounds M and mn. for » .° 
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; ~ 7. | = ic - In ehis case, aa ee < ae rk if 
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1 as follows. | It >ec or < ~¢ then take = = = ond 
g . a, > Ss ? a. 
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X 2 c E 
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= > L — 
“i < -c. and + TS Cc, then take m= "3 and M, = c 
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; M ” m,. er = ee % - “k " st = Te corresponding . PY 
; C: 1 e c t 7 
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‘ be Ww - . ry 
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ees. If f and g are > bounded and Antegranie, then “el x) + set) ‘a 


i exists and is. ieater than or equal. to Oo for all constant a ~and .B. 
“Show fron ee that : e 4 


| b 2 0 el 
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a : ux, Denote minge=, =, . a by mikn . and similarly for max. . 
ao Lo 72 RS ee ass os 
. + a. r ‘ , 
ele >0, r= l, #, «s+, .n,. prove that + 
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Lote >. = 3. : ae a by r (bY 
a : § , , a 
. Py , - a. . ay. 
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. 3 x <0, nls] <0 <3 an 232 * 4, SB ae 
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- 4 20. Show that if |x - a}. < gl y then Se lel < alel for all a #9. 
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- 3 ‘To avoid. ¥” , let a =n’, ,b n*, then we have to show that . ana 
de® ae a is n°. + n® ~ 2mn >; m n®|? . ~~ = 
= oe ee ae | Z 
“3: 3 .° _ it +n") | , . Re 
2 ee | fete aaa 7 os 
Fe 2(n" + n°). - = 


‘Both of these inequalities ; are equivalent to. ie 4 ars >-0, a _ 
. - ‘By way of exemple we show ‘one of the equivalences: , 
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In some texts - the idea of limit often is expressed in words like these: 
"If, as x gets closer and cléser ‘to a, the values of f(x). tend to the o 


-. values L, then we call L the limit of f(x) as x approaches a.” The 


difficuaty with this formulation >» apart from the vagueness of tthe words, "gets* 
closer and closer to,” "tend to,” is that it suggests the false notion that: if 


is closer to a than is then £(x,) is closer to L than is 


%5 a 


jee er er i en eS TE ERAN I PENSE Stam eee Oe remem een Sr rn AR RO 


Example TC A6-2.-. Consider’ ~ 


“* * ° £(x) 


ON a v 


* _ ~ . 4 ‘\ 2 voy = z= 
We have ‘lin f(x) = 0. Let x) = 5 ant Xp = x(e tay (n,° a non-zero 


x~0 . 
| — ie, 1 x08 ae, o. 
integer) Then ‘by! = |x, | \ abe [f(x,) | > |e (x, )] ; since f(x,,) = 7y 5 inl 


and £(x,) =O... ~ 
| The above description of limit gives no clear idea of just how ‘to verify 
- that b is the limit of f. as x. approBches a in any particular caBe, 


“We are. ‘compel led to ‘give & definition ware) yields a clear-cut method of 


a verification. a , 3 "32. os 
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Quite early in ‘our discussion we refer to appendix 1k for ‘an oienaeien ; 
of open and closed’ intervals. These. ideas are essential, to: the material in 
this and succeeding sections. In the ‘exercises, qubstantial use is made of. 
ideas relating to the order properties of real numbers. and absolute. value: . . 
“the student is’ expected to apuly bas. insmaity thereon. the chjestive 
is to develop computational facility with absolute value as a background for. 
proving facts about limits. As a lead: into Section 3-3 we feel that it would — 
be informative for the student to be given ‘some numerical values for and 
_ ve required to ‘determine A 5 sufficient to control the error N8GS 5. for 7 be 
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. “Solutions. ree Ab-2 : 
The theorens of Section A6-1 provide the basis for the following . 
arguments, no the general. application of the transitive property we use the 
: strong Inequality: in the conelusfon silce a strong inequality appears at beast 
once in the . hain of reasoning. We also make extended “use of the _inequali~ ; .. t 
ties — SOON. 
¢ om : . : 7 be . ; we 
e 3 lial - lel] sla + bl < lal + fol. é 
1. Show-that Bt --Qoefx - al-<d, then |x + 2ale< 1+ 3fal. 
Trac jx~al oi, then 7 Oo 
" * aes EE 2a = |(x.-.8)+ 3a. 
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. 2 Ses al + [3a 
7 | S |x. al + 3]}al 
re es 
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_ @, Show “that if <i |x -al < 1, . then Jx3. 23 l< (sla? |+ lal +1) % al. 

TF O< [x al <1, then. ~. we get ; 
FF sa} S [Oto a) (x? + axe a®)| OO 
e. a = |x- al -.| ((x*~ a) + a)? + a {(x - a) + a) * ae| ) . 


& |x al ie - a)? + lal’. |x. al + 30°) 
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Thus, if 0<|x- a} <a, , : . 
e-acix-al<ive a 
* « or ‘ i< |x = h| < 3-. 
and Le. . 
4.” Show that if > |x - al < del ‘ then + < + ‘ 
bam Ms a 
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. Tel lee al sels le af 
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; dal < 1x| 23lal> 
‘whence - 3 . ; ; . 
Pe Peet, wt 
from which the result follows, ~ | .™ 
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i | © <h "1+5 ~ a 
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: * |x] <3 ‘ . 
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+ $0 that ae : ae 1< 10... t ; 2 : 
“8. Use. inequality properties to find & positive number M such that * 
, rae for all x and (a? — 
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shows that any number M > 43 
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‘oy Section A6- ~37 ‘Saeause of this > the strategy is more valuable to the 
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= 9] = Mx ~ 3) (x - 9) + I. 
[ lx = 3) - “Uses 31 +6). 


Thus, if. O< |x" 3] <1 sia O< |x - 3| <F e 
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‘. O< {x-+ af <i. ie No. 3 shove.) : Seg 
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. = ey . eee al "s oS ‘L Se - . ; 
: If O< [x - 2])4 = then hy +r < 1 _ from momber and =e 
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Ti Fer the. given value ofc, find a number § such that if O< |x. 3]"< 8, 


|x? - 9 se. a - = : ; a ; : ; : ‘ 
(a) ¢ = 02 eee — \ 


(vo) ¢€ = G.Ol =. . a a 1% 
Is your choice of -& in (o) accepteble as an’ answer in lo ‘Explain, 
= & : . 2 6 _ 7 2 
3 | Ix |= [eral site. a)+ ; Pe 
_ ; og de- 3} (ee 3h 66) _ 26 
vo . : _ 


_ = 8H). TD 


(At the last Line we used 0 < |x - hg Seer diuventence, ne. 7 


= restfict 8 so that 6 <1. Then, under this condition, |x? -9} <7. ©: 
. Ae oe 0.2: 2 : 
oo (a) To Ingure that |x? - 9 < 0.1 ve may tene 6 =, Sha ze. 

io 0. 1 . a a e 
. (»). To insure that [e = “g| < 0.01 we take 6 = a Ee | ; - 
The choice, ic , is + acceptable in (a), for if. 0. < < fx ~°3| <sk 756 ; 
then | os - | So 

: . = 9|.< 78 Sarees . * 


_ a 12, For the following netics: | find the Limit L as x éiproaches ae 
oo. For each value of ¢, exhibit & number - suck that - ‘1G. - Wl <e 
oe _ whenever |x - ~ al <. 8. 
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TC AG6-3. ppsttont Technique’ 


Tre importance of "technical mastery is lost on some students, usually 
a among ‘the brightest. “It may be necessary to empha =e for them the SOnneets On 
* Jee mechani-ai skills and a conceptual grasp. of the subject. Just ‘as ‘an 
a asompiisned musician can perceive the essence of a- composition without+ *. 
stumbling aver gundividual notes, the accomplished user of mathematics mist 
have enough mechanical Pecility to be above crevice an by meSheE rey details. 
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ys ee ; ‘ " ; ¢ : ‘ * 
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: A great deal of pedagogical consideration has gone into the composition | 
or Sect Lort Ad-3. The Student: shquid develép an operationally satisfactory: way 
Of, wor ing With the idea of limit. . Memorization of Definition A6-2 is 
certainly: mek sufficient. Nevertheless > definitions are Like the fixed 
, > stars. They ‘give the student a firn criterion for knowing where’ he is, 


* - . e * 
y A 


"We gen to cultivase the getieuae of inqviry in which the student asks if * 
. - hims elf the Poulowing questions: 


a : 
é e 


a4 Do I have suitab2 e approximations for L? (The answer ‘should be 


cn, “\ easy. since the approximations are usually taken at-endpoints or “at 
interior points of. aggrinea interbal -) ; 
y c 3 . ° e ; » 2 v 
Pas 2. Do I’ have a candidate for Le If a what is it? 
.o* 5 3s) How shall aT test thé candidate to see if it is the Limit? Can I 
= ' keep the error within any given ‘tolerance & by confining the points 
_x to a suitable i ena of af. ; 


s . a « , = 
_ It ls easy to show that if, for an arbitrary € > 0 x, there exists a 
control, 58 >0, then any smaller positive number 6* will certainly suffice 


tor the same <, For, let there exist a 8 XO sueh that jf(x) - Ll < c. 


-whenever 0 < [x - al <5. Further, let = 3H be any. number, 0 <6" <6. _ 
co. It foliows at once that for all] x such that “O< |x “ al <8°- we have 
O< |x- ab.<'5; “whence, for all these me }2(x) - 4 <e. = 


He are not t concerned: “with tis largest. % that gives the, desired degree 
. of control over the error tolerance ¢; iy rather, we seek any number 5 which 
on ~tecsuftictent. the task ts often Simplified’ if we agree ‘to restrict” i . 
, -mimbers less than 1. Tals restriction dimply means that we are. focusing our ase 
attention on the deieted interval {x : O0< |x - ~ af < 8 <4). _ . : 
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ee “2 ~ : 


We antes in Section ‘63 (s tep 1 7 _Simplattoation) that frequently we are 
able i a simple function | Z3:6 eb," c a positive constant. This 


ERIC oe 2 ee ee 


. ae e : : oe _ ; 
is: the case hecause we are dealing primar? ly with functions which have: con- “ 
* tanuous derivatives on @ “full neighborhood ot a. » From the fact that. f is _ 


‘continuous » we have. : . a: 8 


—: SS _ L= lim f(x) = Pa). “a oe 
2 ea i XO, 
From the fact that f! _is contimuous jon a neighborhood we kriow that jf" (x)] . 
ts also continuous on any closed interval centered at a within: the neighbor~ 
hood (composition of continuous functions Settion 3.6). Consequently, Jertx)| 
hes @ maximum value on the Niterv TExtine Value Theorem, Section 3-7)! 
aise the maximum, so that .|f'(x)| <xk on the , ‘. 
interval. Now, assuming 0 = |x’ ~al 2 5, where this deleted S-neighborhood . oes 
lies within, the interval there exist? a value —& within the S-neighborhood a 
A Lew, of the Mean, Chapter 3) such that 


. let K be any vale greater 
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® te method of bounding the denominator in ‘Exaipie 3-3e is gives because. 
>it is a routine procedure conforming to the letter of our general outline. A 


short cut is to anticipage “the _problem of of boundl bounding x away from O° at line 
(1). We may recognize at once that, since |x - al <5, the distance from 
vA x to a is no larger than 8; we may then keep x away*from 0 by requir. . 
_ ing 8 to be less than the distance lal of ,a from 0. fo achieve this 


We may take. Ps : = . , . a 


For your vererence’s we list the following generalities: 


2 toe 
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ve » 2d. The definition of ‘mit employs ‘only. values of x different from a. 


2. Limit is a local property ohetines called a property" in the amatl) 
involving the behavior of a function within ay (deleted) neighborhood. oe 
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3, The existence oF thetlimit of £ at R point impties that  f ds defined 
: rer some yarues of x‘ in every ee neighborhood of a; . that is, 


f(x): exists for same values of x "arbitrarily near a oe 


AL The limit is "imependent of. ~ the ‘chot: ne of the ‘deleted ne aa iads of a, 


ae The assertion that, the function Rg "has the Limit Las x “approaches a. vo : 


‘¥ . . is ‘not the same as “saying f(a) = 2, “nor ‘is it the ‘same 8S saying that oe . 

oe “* . is an upper (lower) bound ‘of 20x). - 4 .% , a . 

a +) . ; : eS > 
&. The value of 8 depends upon the value of ¢ (exception: f(x) = 

. os Se teonstant). aus a } or; , Nos 


A careful aigcinetion should be mage ‘between the analysis. we Be problem ; 

| ~  , and its expositt on. This is particularly necessary in the ral ‘of Limit proofs.. 7 

SN Steps - arid 2.show nae the solution is found #: in. Step 1 we amine the ‘problem a 
~ * and set up @ ‘simplified model; in Step 2 we outline our plan of attack of : 

. _ strategy: . Step 2 is the actua! proof ‘where itis’ verified thed the salution > o 

_ <  has been found. An attempt should be made to develop elegarice* of style in ao 


* presenti ng proo ofs 
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: — In the following epsilonic arguments the analysis (Steps. 1 _and ca in the 


pattern of the text) precedes the proof. We make Liberal use of the ? 
inequalities Bet. : 
oe [lal - fell ie . ws Tal « Jol st 
peesueaes: tuk ection A6-1). Iv the selection on §&. (in Nunbers ho - he) it is pentane 
So restrict 5 by the auxiliary conditions “that > BIS. l. The proof (verifi-~ _ 
ation) is stiipiitied, by an application of Ererei se} ; A6-38, Humbe ae). 
oe 8H oa : _ : i 
a l.* Préve ‘lin (3 x - 3) = els obtain an upper bdund ats), for the sheotuite $s 
ay i elie i. 2 - e . 
error and find 6. in tefmg of c.¢ . 
‘ ~ 7 a In this problem 1 we write out the stabs in aig - oF 
. . @. . 
. s To prove that lim Bx x= 3) = “1, : . 
gett ation _— ever wrens perce eran vane OG eres os cn 4 Reerene: are . Bee ee eee a iat a nae Se nae s 
é ‘ a. 3 
a _For-each ¢ >Q obtaina &, a 1 4s : : “i 
ae Show: Af O< |x = 4] <6, then Ig x - 3) - (-1)]-<e. z 
ee a Otay ne roe — Bag . i. . : 
. . ne * — a . Le , : SS 7 , , ‘ 
A ee oe eee Se ee = 
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4, og gee te 4 : 
| rR pay “ . . - : ‘ at foe : is k 
s SY z ~¥ a 
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From Example A6-3a we have : 
° lim (ax se 
xa 


: whence ‘for we ~ k, “hb =. Qo, 


— yo. 
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“ ~ : * 


Merde n'f 0, 


vee : 2 Ni oN es a oe ee R yon 
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| MB 3) au ix il , . | 
es ats . “es tes 7 
Ae) Taxe “a(e). "ae i an A . 
| step 2, To make g(B) «< <€, set B= Be. a : ei ; 
* ® . ols v 
“Step 3. Ik 8 = 2 and cele glee, “then « _ 
oY 4 , me 
: preritd Blea. X. ' 
af: . * oh 7 . 
% soo ge . ed oe ohh ae 
a : . ‘cd (2e) - ® Z : 2 : . 
_ - hee < : i Soy ” a : 
y : a . , ° . * . 
. ss. 2, Give argusepte that aoe > ‘ co a 
: (ahs lime = -c, c..any constant. * e i va 
X~g, vie can . . *. 
0) Lim x = a. ry : 
s X~B, % ; ' , . 
ie (c) Lim kx = > ka, ok Eny constaiit x OS : . aS . 
wg, . e : .: 4 o o : ’ wa 
Ra the results of Example 338 of the text for parts b and Cc.) - 
e i .. se : ‘ . eos ‘ = .) i . : . ; 7 a 
(a}® Lin cee, ¢ constant, es ee we “ 
_ x™B |. ; Sa ae bee 
= . a 2 Statement, of problen: le a a | “ 
“ For Weck” € >o we obtain, a . > 0 fuck that ip 0. < Ix - al ‘< 6, . f 
, / jonen: le ~ | <e.. . sane ae - : 
P 8 ° 5 Se 
‘. Since. le - - ie 0 is Jens then € > 0 for all & we arbitrarily . as 
. ee aed any Positive maaay for 8; > sey 6 = Ls gee - . 
. x = 


e i, 
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~ Re een Gea Sette all chao sin sini indeed 
_ . i ef 
7.4 7. * % 
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een 6 ee 
“a Oe eG If ef o, the result isa direct capsequerice, of Example 3-3as elif ows 


x = 0, _ the result follows from ‘pert, (a). > re) * a 
a 3.. Invoke the def ingtion directly * to prove the, existence of the Linits to ie ee 
ror LS . whe ileecasies. 2. 2 . z ' ? : 
e Nae gs i : . Gg. Bs 
(ay ‘See. aviover to. inser aa). _ 8 a 
: was é ye (bd), Lim. x = . = . ss . : : ~ S 
— 7 ee . XM! _ 4 ae oot Oe _ % 
: _ We follow the, pattern of Example iba% in step Lyte take a(S). =8. 
7 a aaa ate) <-€ we take 8 = <*> we Ay : 
haan a , * : . . : a » , a 
SoA Ot. Thys, if 8 ="— and. 0 < < ae al <8, then |x ~ al <8 <e: 7 
hé * - ‘3 ‘ Ke 2 Pe : . : Me . : : : 
7 oo 8 fe) “Lim ig =. m, k constant. as pee 
me eee 7 xa.” oe va 
> * a a \ 
ee We fottov the pattern of Example aé-32 2 ough Step 2 and take. 
eveeg (8 y - Bs where J E . * * : a 
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Sa Fors B= - ans © < |x -‘al-< 68, . :- ; = 
* = > a a Ter : a ey 4 _ 
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ne a , < [ele eck 
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rs 4s <In each of “the Peer guess the. Limit, ‘end then prove that: your. guess . 
os os is, correct: give an ass for . a(5) and find 6 in terms of €, 7 
ee SO A * o ; 
: , : . 1 : . . * ‘ 7 xX % ex ~ 
a, Se fa) . Lim ——3 (e) lim ; 
. “s a 2 ~~. x01 + x x x~2 ee) ~ 3 é ad 7 . ‘an % 
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Pe) tim £532 / - (e) ay Et aes a 
a x0 _ » Sess 
. &) mete e . . (8) lin 2+ ae | 
Ree ; x~l 
1 ae: ‘ 
_ (a) Lain = i 
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_ We omit repetitious material. The statement of the probes. “foliows the 
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(since 2+ x” > 0 y , = 
~ <8 if O< |x] <8 * 
' Take g(b) = 8° ‘and set 6 = fe. a 
% “Verification: _ a 
) te & = fe and 0< aa <8, then | : 3 <8 < «, . 
o L+x _ 
, x xX - 3) . : . y 
24 (bo) “ie? aa arn ll 3 ‘ os \% . 3 
‘ a ae 7 7 2 = . = 2 . Pa : 
. * SSSye 9 bP ol tor ees % | 
, ® : ae . . —— . 
‘ ; = |x- 3]. |(x - 3) + 6| 
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- “~ . ‘ ; < 8(8 + b): .y . 
: ; N * a 
4 (at the last line ye used O< is - 3| <8.) . a oe 
’ For convenience we. restrict. &. by requiring mde! ‘Sl. Under ; 
| this: condition ir *o.< |x ~ 3) <8 a 
2 . a on 
xX (xX - } ae 
; : on ~ 91 < 7%, : 
. . t 
_ Take g e) = 78, ‘obtain a 8 satisfying the two conditions 8 = 1 ’ 
% ang 6 < = » Simultaneously. One way to. fo this is to baer b= = : c 
: (Wierciess A6-2, ‘No. 9(b)). 
Verification: IF 8 = wang and 0 < |x~ 3} <8 —, 
v x x - 3) sds . . 
x ~ 3 - 9% 7 
Be: 2 € ? 
a S s 7 . 7 +e. . 
cen - ws Tee * & : 2 
aa <e¢ (since tea “4 
oes hag & 829 
7 2 . < . 152. os . 
ERT ole : oe i 


- : ; 
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| 2 Bes 2 ne : 
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‘ a. , a 
. a. oo ee 
x7 « 2 a2. _2 WR ce 
a 7 — els bs + ax ~ 2er| . a; 
zs; - . ow os | (cx - a) + a)* * a(x ~a)+ -) ~2a° | 
s : : 2 V(x ~ a) + 3a(x “ a) e ; 
=~ = |x~ al + |(x- a) + 3al 
gtx ~ al (]x~ al + 3lal). 
<8 + 3lalp~r 
. (At the last Line we used: os) al <8.) a + 
For convenience we restrict 6 by requiring 6<h Under r tte i 
<4 condition if. O< |x~- al <8, . = = i 
te aoe 
co 3a" <a re slaps: 
We choose es satisfy the conditions 8 x1 and &< cei: 
a5 ee, B< nin{ Ay TP seq! - convenient way, to satisfy these 
. conditions is to take B= TeNTe (Brereises A6=1, No. ee 
% ~ . a, fe nae . ae 
Verification: ° a = a 
If C= is saseo ses Slo s4en : 
yo ae Lge] AR af ole ~ a) + al, 
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* <fx- ap. Joes a+ af - a gS 
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: “oe A) © DS ae Ix- aif <8. 
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* condition if |x - i] <6 : a 
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is Fi afeery ; 
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. ‘fo satisfy the two conditions & <1 and 6 
take (for convenience) 6 = 3 7 = x 
cations 2 
Se fas : - s 
“If Ses |x -"2] <8, ~. ae ee: 
‘ 4-4 - 7 < 28 , 3 
‘i x +1 : - Y 
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4 > : 2 . 
"4g e =3 +E =“ 
. <€e@° (since 5 <1) 
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(e) Saree > 4 _ : 
Xn2 x” = 8 : 
se ree eer er 
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= Tepe 
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(from Exercises A6-2, 
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We wish to obtain a value 5 Satisfying the two, conditions: 8 <1, 4 4 
“and 6 se €, simultaneously. - “= way to satisfy the ices is 


“ to set - + 


“" - " ae fe . , - 3e ; - : ae . _ 
a es = ia se (Exercises rat No. 6(b)).. 
— S oo 1+ ? € an in . 
- _ . . 
Verification: > 2 | 
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x2 -h | oy 
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aa N Se a ac 
Bao Je = ~ . 
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We require that 8 <min(l, §). This condition is'satisfied if w 
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Verification: _ L : : 
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comrears ~and O< |x~- 1| <6 , then. : 
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; “2 — Re ee . 7 
SEA I= Oe DE 
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a < s ioe ; ies sos : - ig * 
re AGeh : i ; ms : AE ty . . . é . Ee , ’ . 
‘ ~H. Limit rheorems . = : : 


Theorens: become ‘tools to the student phly in so\Pyr as — hein 
\ the hypotheses ana appreciates coriclugions ‘that derive thexefrom. Graphical 
_ tee considerations are usually hgipful in visualizing abstract properties and : -_ 
“proofs (in partfeular Theoreps A6-ha, b,c, f). Proofs of the theorems shoulda 
be made plausible, dut. menorizetion of formal proofs is Anconsistent with the 


" phLlosophy oP this course, 7 - ~ we a 
a ** Te statenent Lin rx) = L simply means that Li satisfies the conditions 
, xa 


of Definition A6-2. It is conceivable that another sabes M might satisty the. e 


"wane conditions.’ Then the statements Lim f(x) = L and lim f(x) = M would 
. x~8 Xx» 

both be true. If this could happen, then » lim f(x) could have no meaning by 
=. ; Xn8 

— itself. Consequently, ac eat theoren would need to be avpropriatély inter- 


‘preted; for. , example ‘ sd cel A6-ke would be stated: 


‘ 
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THEOREM Ab-he. =L and. Ltn efx). -4, then L *+M is a limit: 
a ; Xnwa . : : ‘ 
oF P+e at x . 


‘ } . _ 
This interpreyation is unnecessary, since lim f(x), if it exists, is . 


unique ee . | _ . — os 7 , 
sj * ay i ® sy. ig 
. * . . ‘ ; . : 2 i . . . 


F % /—- 
‘THEOREM. ‘If yf and M .are Limits of. f at ay, that: is,.: tf ‘Lin f(x) = 7 
xa 
and lin ry) - M, then L= M, . 2.4 
{Xea Sere 7 } ey A . ta 
ima . . i a = V. : eget Sy s — 
‘Proof. Suppose L>M, take ¢ = te ~ SO, en Gets ave 8, >0 
and 8, >0 such that ° . ae 
wee rae a ; 7 2 : x ~ 
- . nes i~ f(x) < ¢ | for O< \x > al < b> a 
ae ee ee ae 
° 7 Ro we P(x) s Me " for O< |x - al <8. 
_- + Hence both inequalities hold for dg P ; 
0.< |x ~ al < min(4, ,8,) : . 

+ _ ' ; - . _ : ~ = 2 ae sph 
Thugs O<L.Me 2¢; Impossible | ee he . , so 

moo “ ‘. c oy x ae : . . x * eg Br 
‘ ‘ ; - 

Ps 835 ee : 

. 17 a 


aia . : . . 0 = 
deine eee ene Cen ee EET EPP 


"OL . : y $ ae i 7 ea ae 
; ’ : . : = Se: 8 ‘ 


: . . we \ $. : - . oa a 2 
Some tins ‘assumptions are left tacit. For example » in the proof. of 
: ; 
Theorem Ab- a e is, of. course, subject to the conditions -Lmposed upon "eS 


. . > te x 
a : . 2 a ~ 
* e Feat ana x > ve . = . i ; 


In Theoren i= he, “there is a tolerance, €, for the sum (P£-+ 2) and , 
wor ar, x65, 2, and é., for tHe. addenas ( f and. g,, respectively). It is 
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oe suteh: ‘tert that these. tolerances satisfy ‘the condition €, +e, Se: for | . 
x va ronventence (and for definiteness) we take <) § £5 = $. » in the text. The : 
sup tre! ™ maa: ntaln xa the toleranre €, = = for ft and ‘control 8, main- 
‘ ‘ 7 ai 2 waa 2 ‘i : 
nS . for og. Te ' follows that 8 < i 5 Minto ) will maintain the — 
_ tes Pace = Sor f ad aso for Be -_ = 
ah . ~ te ° ~ ri y 
| J = 
7 We > tan obtal a slightly aifterent a of Theorem A6- ha by” utilizing 
Taoenae Reh, in the following -way.-° ‘By hypothesis, comrseponstng, to any positive 
oo, we ean Pind 8, By such, that - ; 
4 : . . 4? 2 . . 
‘ ws s : * 
(x) - 1 <€, whenever O< x: -al< b> ae 
tg xy = ML <e, whenever Oo < lx - al.< 8, . = 
» " ( ) : | 2 : ee | ; ey ‘ 
ans hy lamma A6-b there is a 6 such that — x. 8 
_ : vel - <3 3 [Ml grnenever - O.< |x - al <8; 0 ‘ 
Caine “(de (x) = I a : eo: + Lfg (x) - = tH), at te), ‘ 1 oie 
hel - Mi < _ and lets) | <2 |M| ‘then . 
ay ODEO) {LM < [r(x - L| © jalx)f+ [Bl -+ leGd - nn 
i <e, giMl+ IB es. 
; \ . 5 Pd . . 7 = 
Te ardep to arena: within the tolerance E we take € a €), ‘and 
2 ~. 
+2 31m) + Hey =e 3 Iml's In se. r\/ 
on Ther ag vbvse the gage where, Ms bs 0 we takes = ; 
\ Mu a € N : 
p48 —s « €, = €, = > - 
' 1? 3 ml + bb +a 
. 2 x P 
iy OF - % 7 . ~ * ~ aN . 
Let a Pay & «be appropriate controls for this choice, of €, anid. 
*2 . : be - , ? ‘ _! ‘ * 
, . ‘ 4 ; f & 
* . = : & We 
3) = min(8, 8,5 })> (eas ob ' ts, ~ 3 
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—@.  -., a @ ; an se ee if 
-ERIC- $4 i ‘ = _ ; . : - +s | ve - 7 : — | 
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os : : : z ‘ i 3 
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- 7 Pe : 5 Ne | 
O< |x - al <6 4. 
a x , . > ; . 
-wehave = — ; 2 
~ [eG e Gx) - I) < fete) - B) . jeGop + nae lets) - ML 
‘ ‘¢! & 3 _ - a 
8 Le & < nei Saree 2 IM + + {n)) “em at 
ie : 7S iM) + [ap ea a oe 
hae : — ~ ek ‘ toy | 
Bs i oh 2 ‘ ' oe ; ; : 
. 3 . 7 . : t ’ 
= ‘ ae ‘ 
. e _ Sar roa may ‘bé used to express a linear combination ee... « 3 
; . “gee = ye ‘he Nae a, : 
and state the. corollary. to Thearen a AG-he, oa ; .  & ey a 
a i f(x) = we Lin £ ro Oo = 
“2, me, i=l a ON Ss 
% . % a . an n 
i > “4 ry : 
- tel . 
a a “Mathematical inauétion ‘CAppenatx 3) is required for the proof of the 
ie corollaries to. Theorems Aé-4c and A6-ha » - respectively. If the student works 
. ‘through’ ‘these proofs he will. gain a deeper understanding of the fundamental 
: “results and an spprecianion Qf the power of eo ee induction.. ‘ “< 
In Lemma Ab=b we have ",,, _ Benelghborhood of a wherein glx) | , : 
7 "4s closer to M than to: zeyo." This means: for all x in the B-neighbor- 2 = : 
4 “hood and in ‘the: domain of g, a(x) is closer to NM than to zero.’ 3 
3 a * - 
ua 


a : . . 
“Ty, he the deleted neighborhood of a where. 
‘ nla) < e(x) < efx). 
: By : + a y  & 
For every, ¢€ 50, I’ contains a deleted &-neighborhood of a wherein: 
a oat -Mi <e anid la(x). =MIi<e«, Equivalently, we have, * 
' i es We <n); ad <M eo 
a ». se . . . + . 
_ whenever o< lx -al< 8. Tt follows that . 
yO =: . Me < P(x) <M Fe : 
. or : - ~ 7 ‘ aad 
“4 Tx) = ML <'e 7 — 
7, <-whenever 0 < |x - al <8. Ss ' : 
‘ ; . co . : : 
. = hag a : 
2) ois Sea AS 7 a 4 N 


oer “Prove the corollary to Theorem A6-4e. The limit of a Linear doantatien of 
. . functions is the same were combination of the limits of the functions; 
are ee) if eee (x) = Ly» is i, 2, pee ed then ; 


a a Lim >a o,f (2) » >3 _lim ¢ = = 
ro es Xe xva ; : 


ee 3 4 : — n .. * 
ae _ : fen. OP, {oh 
a e;. | aes ) c,L,: a (see AG-2) . —— 
, 7 : ; | oe Ry rae ¢ : * 
Proof. We Ee ‘the First Principle of Mathematical “‘Tnauction (Apyenats 31), ; 
and take*for A. “the assertion: % 4 coe | oe a 
; . . err : ey f- p) iy : m a . . z 7 > A 
a " xna oh. a so 
7 \ tel ” 
Sai tlie aN Pens For ee : I ye “have ‘ee apoertion. “—" eeeey . te ah dts — — a a > 
¢ ® _ - Lim e800 = ly, . 
oF ; Va a os xva a. 
‘+ ~ which is ‘true by Theorem AG-b. ~ 
: m - ; - ‘ R 
: sae : : B 
\ 2 3 4 


Bae & < ’ 3 = 
‘We now assuine A, true ror ne-=k and seek to ‘prove 
» From the induct Lon hypothesis, ; _ 
Pd ko: . ok \ _ 
; a ) e,f, (x) e > lea! | | 
; i t=] =l “ : 
3 e ~ n a : a a. 
k+] k a 
Lim c, f(x} = lim Se: f, (x) + Ce Bea & 
. . ae ee . VE 
kK 4 we 
= lim 25, £,() + Sate “i Pet 
won i=l . 
. ->: Cy iL + oe aia Be) F 
ig del ty. & " a . 
= Pa ejb, ~ Cel Be . (Theorew A6-hb) 3 : 
d=] an 8 
“ : ae. : 
e » k+] " _ ’ oe 
Isl we ca - 
‘ . . ‘“ pee . ’ 
and SaBer ttn A. aa is bees Therefore, = : 
sa 4 Lim > c.f (x) = ye | 
mn ia Ss : 
tees se “holds for every” natural cater Reo . 
2. Prove the corollary to Theorem A6-4q, For any ‘polynoniel £ Function ~ Ps. a 
lim p(x) = p(a) — at 
 % Xa, i 
y a 
2 ~T 


- Proof. To establ! sh the corollary, 


mat ical Ineuction to prove first that 


Meaning 


We take for a 


7" : an 
For n a i, 


we 
3 


the assertion that lim x” = 9? 


assertion A, ids 


a 1 
iy ° wey 
» 
5 aw 


. r) = : d . : Soe x y _ @ 
NC es | eee: 


lim za, “%X 


n n 


a ~ 


xa 


on any natural number, oa 


3 : . “4 
ae aly < : " 


we use the First Principle of. Mathes. 


* Le 1 


*- : : , x p 
es : . aS Vim x=a 
oO a ' . ory = 
- which:is true (BXercises A6-3, No. 2(b)). 7 . 
> oe a sf - : 4 
We now asstme A, ‘true ‘and try to ae A, 1 brue. “The induction , 


. hypothesis is — 


ae. 


_ ~ yn x“ =a aa 


. gam x7! 2 Yim (x © x) | . Fae 
_ @. 2 J xa xa a uf 
mo a2 % “ee i. (ua*X x cre =e | (theozen A6-ha) 


(is 


an) 
° 


se =. aX A a. > (A, and cuaeetian bypothesis) 


. ™m Avy) is true and , C ¥ 
: . 7 . : no n r ‘ : . 
3 _ & 4 ; . limx =a, n any natural number, - 
: : 7 x~a - « a: ey . “s 


. ~ on Af ow NS Oy eg 

2 n “3 1 fe 

a + + wt vee + = Cx ° . e ws A 
oie ues ake a uae yee oe ae 


ae ‘ ; “  *, 420. 


of 


f . 
. n x bs 7 a => -, 
; . : 


' ci = . ; aa . a 
Be ttm pnt Dept 
ee of Se Re . xXxea x~a Ps es * 


. 


. 7 ‘ . ; ar . i < iL . ” < * “ 
we oe : | Do, -) Lim c ak (Cérottery to theca sé-hey a 
“ a ‘ ; : bs 6g Be > ¢ be x" = a ‘ . 
= a ; ie 3 : yy 

| : , = cy lim x - (Theorem A6-ha).. 
as s = nN . . , ‘ xa . ? are . ma se 


a > pla), ‘ cr 
se s , : - ao . 
 : 8B wel to be shown, + : | so, 
a ~  « | ; | a | 
gs _ ae _ . oe ; 
a ¥ a? Bho | 
is * eo 


. eo N .™ 


30 “Prove the coroliertes to Lemma A6~In.. ; eo 


7 a (ah Corollary a, “I iim a(x) ©: M and M ae 0; - then there exists a> ee 
: i: ire ~ X78 
neighborhood of a where jay > Late) | > ie Ml ‘for x in the domain 


ses . : ; or gz. , . . . Sar _ : —* . 


+ * : =» . ° = 
“ “5 Proof, Since z “has fine M. at “a, tee: is’ &. ‘Beneighvortign’d or 
Vise, ”. . a: in which g(x) is er to M than to zero. * We’ consider two 
. . . 
ea « * cases: M>O and M< oO. le 


2 , ba ~ ov > — ca? 
. _ Gasel. If M>O, we - glx) >0 i. Lemma ‘A6-h, gaa as 
te «3 OF? el n F or -or | Bl > lela > fl po. = ue rn 


ta Case 2. ren we gfave M>.0° and ap Gatx) = MD OL 
Tus, -g(x)° 340. vy Lemma; Ab-k, and as B(x) > 50. This = \ ae 


. 
a 


pore ts equivalent’ to a) >. see) > SI 0° or 

a ar Es S letx)| > a > 0,, which is the sameas the inequality obtained x “¢ 

ee _in Case 2, cg eo eee ee 
> , . Lo = 


a (bd). Corollary 2. A limit of a function whose. values ang nonnegative is 7 . 
tau ® nonnegative. a g- . : 2 : ae a a 
or oe oe Th ae - ” es ’ % ate “ 
3: ‘ : : ‘ . mi e fh B wy 3 : . 

ge “7. Proof, Tet « a(x) > Gs ‘and let lim ahi We vant, to show that 
Be a Ss xX~ga, 7 ’ — 

i.) rd MN > O°: To do this we “show that the assumpgion M<0O ‘Leads toa 


~ 
‘contrad?: stion. S ; _— ; : . . 


. oe an M< 0, thens'-M>0 and 


. a ath * = a 7 : . , . vet *.. . 
. coane as A * ; Lim ( " = -M > Ven, os ’ Fi : 38 


; a _ . > gos ask aa a 
ee a 5 ; RS 
: adie. Therefore, the ° a PE a 
~ _ -e(x) 9 0 co ON Cagmma 46 =4) 
a s , , : : , wes Pe . 
‘ -or : ‘, 3 . oer =~ oe eo 
i. a ae ela) oo Ae A ee ah, ee Se 

: . - . Sane eis ke. Tags. oe ae | ae cote setae: 


oN ee ‘contradicting the nypotnesis that ax) 20. thas, M20. 2% Js 


~ a 
— x. ‘ 2 
‘ * ‘ a8 
= S * Z a 
. e . ? 
2, : 
N « 
vw ® ; care a » i: 
e - 
. _ 
$ ; : P : s 
‘i i » 
. 
ae 2 < © . x ay 


ee oY + : = re a 
x eee 
.@ . oh aa 


a. . Prove the gorollertes to Theorem A6-he $. 


(a) Corollar ary 2 i: If lim f(x) +L and iin g(x) = iM where M de Qo, 
_ Ey x*a 
then’ ih ie er ee 
; : an 3 . a . i _ : x = , : : » 
= P Proof. Since M 0, vy Theorem 3-4e, we have - sy 
a IN ar’ , _* 7 Ree . = . 
SY F : : a » prod : a “ F ° . . . 
— eo” ata * (ee se 
; : : y . . ; & . 2 ae a 
& From Theorem A6-ha, we have _ "e a ; 
a7 : , sd , y gf 


‘ 
¢ 
it 
7 
~ 
8 
La) 
7 
= 
Seen” 
ee, 
wt 
fe 
6s .* 
. 0 ; 
bad 
nee” 
© 
Fe) 
2 7 


aa , : ‘, ao we : ee | 
, s *4 tb): Soronasy 2 2. if P and q 7 Bae r and ifs alalye, then 
P re . 
. 2 & 2. 3 (x) (a) e _—_ . . . 
[vet ee 2 rin BH) om e #% 


X~B . 2 ae 


ne 


: Proof. yy the corollary +0 Treovem Ab-a, : 
* lim oe = vit) end iin am) = q(a)i;s 
: x~a - ne aes 7 
voy ‘ . . SO : B® <5 bg 
mY , . . Since q(a) £3, LO on me Fs 
. ; 5 : ‘ a . 7 : 
a ee = : us nh a pf a) (oorsiiary Lito fora, Aé-he). 
i . “gee _ a ce ae. 
roe = , a , , i ; . ; * 
- 5. ‘Fina ythe following limits 9 giving = each “step the wheoren: ‘on limits which 


As justifies it. 


a ) im (2 +3) lim 2+ lim x. i Tacoreii AE-he °° 
mitiesek wes a ed a ie = Hn} -- Se ee 


ry . - i . co 


ft 


“— ® ' pees 7 . = | Theorem A6-ha 
SND : a 7 - _* Example A6-3a 


~ Y 
Ss - . a + . . say 
ee : _* ‘ = 5. <4 « 7 yo Yad 
. * = x . Fe . 7 
: * e .* > 
a . re 
. 2 ‘ } bg hd 
2 ~ . 
. ® : : 
. 


: , 7 ; 
. Cb) ‘Lim (sx ™ 2) = lim5x + lim (-2) a . Pheoren A6-he 
ues Xoo) keel. Rael] ee 
os . s'=5 + (-2) ; , o> Theorem A6b-4b 
= Example A6-3a : 
: Theorem AG“ha oF 
= -7. 
7 re : rs ~ Boa. . , 7 
.* ~ a a 
ian (oc) — (5 SreT -ovTzT), where a and b are constants. 
. x ; : 
\ : 
= : 
* ‘ ne (5 rom rae bvTx]) = lim Ts + a (- wi D- Theorem A6-ke: 
, x~0 = = 
2 a od, a a 2 
. ‘ 1 : . 7 
= 8 Lim me. ob lim IST ’ Theorem A6-4b 
. 29 o 5 ‘KO > wees : 
1 a x rs » 
=pel-b.0 Example A6=3b 
: . Theorem AG-he 
;: Example A6-3¢ ‘ 
. . > &. . , 
: (a) dim (x3 + ax? #0 + a), where a is constant. 
Xa ar ee , -_ > ° 
° lim (x3 + ax + ax + a3) = as * ae aes a®. ar a? Corollary ‘to ; 
x~a - ee Theorem A6-ha 
an ei a tf = = hed, : ’ ‘ 
sch ie = the following 2 liaits \ giving at each aay the theorda which duitities 
- . 7 ’ “ ve 
a Fe aim ®22, wh = 1)(x* + x21) > 
* ag oe ee Ca i a ae 
ot By a ° . 
; * 4 Sim (2 ays . lim esd) i Theorem Ab-la- 
; 2 Xs] ye aes : ie 
. » ; < 9 . ‘ . . 
‘ ; , "<3 wy. Corollary 2 to 
on aod Y 7 Theorem A6=he - 
8 2) a & ’ Corollary to 
4 . 5 * Theorem A6-hd 
. : A ye RE es 
‘ : ‘ ‘ = 2 ry “+ " g. : : 
& 7 2 Pr) v _ Soke a 8h Se : bee 
. ; - : ; : 3 ’ o. .. 
: ” we iy ; ¢ _ . s. * 5 F 
. ‘8 ws is es ee _ ; : af 
. ~ : ; ‘ . . a a ; : . : 
~ a s . - . 7° a 
a = . ton o % 
an 2 et es ee ye 
‘ . ~ 8h3 : a e 5 _ a 7 s 
“ERICS = - es 
ERIC?” . 


a 


<) : 
ERIC: -. 


a - 
= . ex v . . ? - * / a” 
2 , . 
(o} ‘Lim Sra = lim —{e = 3% = 3) 
“X83 x7 = BT x3 (x 3)(x" + 3x +9) > , 
; = lim (G23) + Lim( = +3 ) ~ . Theorem A6-4a > s 
xj xg x + Ses | he 
a 5 ’ Corollary 2 to 
$ sl: 3% _ Theorem A6-he : 
, ; _ Corollary to - 
. . : Theorem A6-ha 
— ae oe , 4 | : 
| . = 9 2 ‘ é . 
- 7. Find lin caw » for n a positive integer. Vertfy first that a 
é . x) a - 
, x" 1 n-l n-2 ae: 
—— =x exe en cee e td (x #1). . 
‘he verification of the division is done by simple algebraic methods. 
Now let p(x) 7 i > or * laa K+ dL : 
a _ im p(x) = pQ2), ‘ Corollary to — 
: | Xe). aes Theorem A6=44 . 
to \ “3 2° = a 
\ ‘ ‘ > . 
8. “Determine whether’ the folioving Limits “exist and, if they do exist, find | 
‘their values.-  « . & 
z lim 28 does not’ exist. s 
- Xl a . 
. lin — ae = lim which does not exist. 
Xwl ~~ eel - & 
Lim (x* - a"), n a positive integer; a constant. ce 
Xr aan : 2 . . eS 
oe : 
let p(x) = x" - a ? 
lim p(x) = p(a) . . 
* sae sone aN XB seen Ba rcs 7 Ponnrs ar SES et ee ete ee Ee ct ee tn tte tie et tan 
¥ . = < : . - ae 
an = oO. . : bd 3 
° ; * ni y : 
Le OF Sd tox 
a af, : ‘ } 
as ">. 2 a & ; 
= P + . 


4a 


a ‘ > . : 2 3 


. = Toes . . . wee 
(c) sin TEES . . *.° ©. 84 


aot # yO . ach 7 ‘ 
WTF +1 
x+1 


rg (2 eX + as o* a lim (x™ +1) 5 , hence lim 
Meer Xwe 1 2 . Xv~l] : 


-G@oes-not exist.’ 


a . = ¢ 29 (x - 2¥E- 1) * a } # 
| a ene aD > = = 


that Se ~Z. 
Xml (x + EGR © 1) 


Ws. 


“@ 
— ‘ 
(e) lim do 5 lim ts = 3 ae : e _ 7S 
© Xvi r Xwl 1+ vx : a . ; . ows a 


_ . P ne 
9 Using the digebea. or limits, show that . lin 10). = ta “i aif and eaiy ea 
Xv? . oa 
it iim $) - JOE Hx 2) = 0, ot 
ree . | e 
’ : a : ag © — 
First, we note that lim g(x) = 0 if and only if lim |g(x)|'=0,° ana : 


Xv . 2 
‘also that |g(x)] = - [fet il. ; - 
. . aS - <2 ». , eo. 
"let . . 2 a 
~  . £(x) - F(a) ere 2 ve | re 
| As La ~lyy . oo se 
* and Pr : . * 


| p - £(x) = Pla) - U(x ~ a). _ | 8 
. 2 ee 4 S ate Se 


Part 1, Assume lim B= 0. ‘This implies that. lim |A[=,0 ana, ths,” 
a 
n . Xva 3 oe : “*s _ 
a SS Lim A= 0 or vin £8). 0) bs a a 


Be : . i . . *, 


eat ; Xe 


ae 3 . 
aa a i Pest 2, Assume lim = 
a . : os Xa : 


a 


ee ky mt he 
Se SARE ae Ba te 8 eek ate te 


This teat tes that limA=0 and,. 3 
, : . Xrd, . : “ ‘ + 


7 a Res 
ae (Ta |B} = 0 ana Lim B= OF | 
* . 2 . ; Xnre F Kew . ; 
* : . i , : —_ , 
z 5 
, “ee - © LG9 Se 


a oe 2 ag a, 7 7 - 
ee gn OP Be F tam ae Pee 


oe 


10. 


oO. 
ERIC" i 


Ast sume 

xneO 
limits,’ 
whient gustittcs it, 


lim sin x = 0 and limcos x 


XD. 


=i. 


‘(a} lia sinox = (aim sunt) . (us Se) 
xn0 “AxwO +> "4 Xn. ext 
= (21msin x + lim sin ‘) . (2 sin x) 
XaD - xv, Xn : 
z , > oO, = . 
: : in x 
(ov). lim tan x = lim S22 | Be 
ene) Xn TOR & & , 
lim sin x - 
- Og, 
“ lim oos x °° . 
Xa 
“(e) lim sin 2x = lim (2 sin x cos x) a 
. xn. - xXn0 , 
= 2 - (21m pin. x cos x) , ‘ 
XO a 
= 2-flim sin x lim cos :) 
, XO , Xnw0 
Bs 0. a“ . 
sin x - one x 
~ sa sin x. 
sin x ne 
= ll * lim cos -x_ 
xaQ sin x Xn . 7 
= l. * Fe 8 
1 = .cos x | 1 = cos x | 1+ cos x 
Xe 0 sirt x Xn0 sin * ““T+"cos x 
2 ; 2 4 _ * +. 
- Bin x 1 
= lint am Tees x 
XnwO 
= 0 » i = 0, 
¢ ; 
t, 
Pree 
a a: 


? 
y 


Find each of the following . 


it the limit exists, giving at each step the “theorem on Limits 


Theorem A6-4d, 


‘Theorem A6-ha 


Corollary 1 to 
Theorem A6-he | 


° Theorem A6-hb 


_) 


Theorem A6-ha 


* 


Theorem A6-ha 
\ 


Theorem A6-ha - 


a 


" Theorem A6-ha 


ll. 


* 2 “yy . ca 
) Mm S05 2x z= itm S28 x= Sink 
aps 2 X +80 x x0 COB X + Sin x 
. . cos x + sin x _ 
| ; un (roe x - oft x). atm ET 
me » Theorem A6~ha | , 
ai ee ae cos x + lim sin | an | Theorem A6-he 
fos s x00 Xn0 oye 
sod, 7 © , 
Prove the corollaries td° ‘Theoren aé-ue: ~ : 
(a) Coro roblary 1 2 (Sandwich Theorem). if 5G) < £(x) < &(x) in \some . 
deleted neighberhooa Of a, and if mes n(x) = K and lim a(x) = M, ? 
Xo 
then, ar’ lim F(x) becahss K < lim the) <M. 
"Xe Xa . 
Pooot. Since ‘tlx) < e® in a@ delctea neighborhood of a, we * 
- have, vy Theorem A6-hr, that 2 : . - 
oo < lim g(x). 
Xn 
Again, since n(x) < f(x) in a deleted néighborhooa of a, we have, 
by Theorem A6- sit that * es 4 . ; 
. ; a. 4 . _— 
Line rae < lim, (xg wee ae 7 
. Xn * Xa ¥ , 4 _ 
. Thus, ) : 
lim ro) < lim oo < lim tay 
—e Xa, Xe Xa a : 
SN : . . : ae 
or * ‘ iin Bdiy OS ee 
XK < lin f(x) < Me . , 
nh” . : 
(©) Coroll 2 (Squeeze Theorem). (Hint: Prove lim .£(x) exists.) s 
ery oy Squeeze Septem apse) Xb . x 
7 ~ 4 ee eet ee Mi 
+: Because the Proof of the Squeeze “Mieorem « does not follow imedistely a € . 
- from Theorem A6-hF it is ‘given in Section TCA6~4 immediately preceding — . 
Solutions Exerct dpe Abxk, a oN 2 * 28 * . fo saad 
| \ | ~ : 
é \ | . one y 
.o 3 | a7. E77 
Bes saet 1. Fe ~ r ager 


—_— a 


. the limit for these. cases. 
Part 1. For a= QO: 
— (1). ar “=n, 
7 . x : mn 
lim — a lim x = 03 
. Xe KT. XW 
(4a) if m=n, - 
< rhe 2 7 
dim = = liml = 13 
xn0 x Xn 
- a se x oe. 1s 
>. (441) Gie*Mace j Tih does not’ exist. 
: \ - Ys Rw X ; 


Part 2. For a # 0: § 


ame PY: 7 ; ae 
2a? > Pp even . 
Lim 0? + a®) = a 
ale 0. »P odds 


ae (1) Tus, for af O and n even, 


tes, 


ee ee SP eee im (x™ + a”) 
x + & XB 
Xe x + 8 lim (x" + a) 
’ as . ; . . Xn-B 


i 


a0 ; 
a r 
x * 


we (ii) For a4 0, “n oda, mm even, Lim => 


boheme’. < iale x Pa ‘ ona feerers aoe e ‘an 
. : . 
vy we . ~ oe 
* ai > 
7 7 
# = : 
< : ° 
« = q oa 
: & E er 
~*~ > 4 : 
. . : 
. ]79. 
; ae ‘ 
B48 a is 
ne x . 


; oe ei - m, om 
12. For what eae values of m and ni does lim aeaert exist? Find. 
; ‘ : ; —~< me ee te : -_ 


’ 
> 
* 
. 
+ 
2 
~ 
a 
f.. 
— 
« 5d 
e 


m ws 
&. does not exist. 
Xe X Ta 


- 
} 
’ 
i) 
. 
- =} 
i 
> 


13. 


1k, 


(411) For af#o, n oda, wm oad, 


—_ 


nM . 
x +a (xs a)(x - 


Xen X + B ssa (x + a)(x 


‘ 


. eae 
a woe + a iy 
aes ae al ga 

“¥ .f 


Prove that if lim t(x) < = 0 ana g(x)” is bounded in a neighborhood: of 


X= 


in es neighborhood of x = a, Consequently, 


xvra 


@, then lim f(x) . e(x) = 0. 


xXnva, 


y _oM < a(x) <M 


“Ws [#(x)] = P(x)g(x) <u ° 


in @ neighborhood of x= 8 


By the Squeeze ‘Theorem, 


@ 


‘ 


Or . 


°° 


lim £(x) . g(x) = Oo. 


> , . XeB - 
: \ : 


at 


|£(x) | 


é 
wee 


Proof. Since g(x) is bounded there exists a positive number M such 


Verify that if lim oat exists ‘and if lim g(x) = 
Xv 


| awe 8 
lim f(x) <0. |. 
xa , \ 
. 2.3 


bey . _ ‘ : os P(x : a 
lim tyr + lim gfx) = lim wat : a(x) 


Xd Xd Xena 


3 - _ Xe 
~ 
-_ Bug - 
* * 
a MDs 
man I oar 
P ® 


O =.1im £(x): 


0, 


\ an 
. . 
® 
. 
“then °* 


(o) Give. aed or functions f and 2 o which lim (x) = 0 and 


Xna 
lim g(x) = o a the limit ot their quotient does not exist. 


. XwA ‘a § 
. dete & oe a oe t(x) 2! ee 
tf €x) «x and g(x) = x >. mR, a(x) does on have a limit 
> at 0. 08 “course,” many other examples exist. 
a, "Prove cine. 12 ox lim 2 g(x) = 0 and . lim f(x) does, not exist, then the limit 
wa ( Xv 
4 P(x) 
a or the quotient Som does not exist. | 
cf r(x) ee ee a ane — 
If ite FO does exist cand iim g(x) = 0, then lim f(x) = 0 by 
Xv Bog re <.y: a 
by numer l(a). Contradiction. 
. . = . i . 3 
- 1Q. The right-hand Sime tata seine Pls t f(p)} of a function is the limit 
of the function at the point P ‘ror a right-hand domain y pt 8). 
Similarly, for the left-hand limit, the domain is restricted to (p - 5, p).. 
"+ We denote them yrmonices ly by lim f(x) and lin f(m), ‘respectively, 
: Xp Xap 
In particular, Lim bd = 2, lim B&) =21. Determi: te indicated 
a Xa? : : 
limits, if they exist, ot the following: . 7 . . 
aa Spe a . , 
(a) tin Be 7 | 
: . X2* * \ 4 ; . . . - 
’ 2 ye SO, , . “e a 
7 For x ¢(2,2+8), 0<8<1, — —— 3 ia 
. . ee ee - . . . 
| 2 Me 
et gy? - 8 (BO - at Bd 7) a 
t : . 7 
‘ \ : . = Om wb. = 0. 
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Thus - 2 a . 
2° 
Lin lim'0 = 0 4 
* Xwe* xX" = Xnat ; 
. . ~ 2 ~~ 
- Cb). dia . _— > ee 
\ Xe x 2 a. ; ; « 
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% . : , . 7 2 - . . 
ok Tey ace er gee 


Xw2” xo = a. Kw Xe 2 
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_% © a ¥ 
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‘ &0 \ : 
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a Ae ; sey - ee ; -a(2 + 2) ° sO aes 


As x0 Or, n _tnereases without bound and == ~ oO. 


ki [z] - : ‘for O<x<a, Thus, 


negative integerand O<r < 1. Tms EF =n, x = 


; | > 
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= Lint (x. 2+-B . x] - fd). 7 
a Xw3* | 7 
‘For x H3,3+8), Ox<b<a, : 
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ye 4 i xn3* : 
. \ . : ee : a -4, - 
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8 negative integer. Since 4 > 0, [=| = +l for 0 < |x| * a3 
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Appendix 7 ° - : 
"° CONTINUITY THEOREM : 
2. pet, | we 
no * - > * “4 


Tompletenes 


: as : - 
T2ATAT, cpthe Real. Nunber 'S SEE The Separation Axtom . 
~~ ee ee 
x a . 
The completehess of the real number system is a conséquence of the , < 


Separation Axion 


We mote that in the axiom the sets A and B- might not ; 
ve uisjoint; e.g., .— ; 
. A ~ fx ce S0ls Be Ine m2 oF 

. : Dales . Nett 
und O ts the unique separation number. Observe that the word ' "separates" 
a3 used in the separation axiom does not mean that s is not in gither a 
or Kk. The ee number Ss may be in either set, both sets, or neither 
seb. | , , 


> 
‘ 


The Senp ree chess of the 'fiela of real ee plays a. central role in the ‘i 


- rigorous development of the calculus. We have based our logical development 


upon the Separation Axion because of its inthivive geometric content. it 
asserts the absence of gaps (holes) in the veal number line. The Least Upper 


Bound Principle and the Separation Axion are Logically equivalent. Thus, in 


ree to use-whichever 1a most convenient. 


the sequel, we can feel 


d the: real paibens axiomatically:. Loy we have given a 
set of axioms rich enough to yleld. the properties that we need. An alternative. 


We have approac! 


‘approach ts to Jefine ¢ the set of real numpers in terms of a more asic set, ony 


Q 


the rational numbers. This approach was taken in the. nineteenth century a 
Dedekind, Cantor, and others.: The original article of Dedekind now appears in 
the papernack, Essdys in the Theory of Humber’s, by R. Dedekind; Dover, 1963.. 
His Account ts both: lucia and elementary. | 


; . 
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“. Prove Corgllary 1 to" the Least Upper peuita Principle. If M is the Least 


upper sound. of tne set A, theif Tor easy. positive « there exists a). 


eA Such tat ARM i, 


. Suppose tnene 18 nO Q2>M-c¢c, Then Mt ;M-e¢<M? <M is an upper - . 
es bound for A,. gontradicting M as the least upper bound. 
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Y . 
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@. Prove ; Sorollar; Sots the Least Vpper Bound Principle. A set of numbers 


whieh is soundeu selow has & greatest lower bounfl, > : 


\ » * 


“(o) 


a Qo . 


> 
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she . —_ For the proor or Corollary 2 Dy let A ‘be’ a set which is bounded. below. and 
oF let B be the set a: lower bounds, of As The set = (-a; @ e A}, vhas .. 


the set of its upper nounds, B = (BiB et 8). The greatest lower 


- Bound M ov. A ois siven. by Ms “M here M is the least upper bound 
or AL ras “4 


oY 
a 


nd 
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aan the sete A positive rational numbers @ csatietying 


of ga Das ans 3. oF 
Prove if eA and Bt B that <p. 


2 *.2 _ - 
If a= eo, Peren of Qa = 6 senvdediecine a < . o 
te a>a, then te a>o @nd B.>0, “we have a ° > Be. 

These contradictions force the conclusion a<p. \. Pea: 


. ‘ 
. <a \ 
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3 d.e., s = v2. : \ 


“Show that 2 ee number s for the sets A and B must: 


. 2 
satisry Ss) 2 
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Suppose .s ‘is a separation number tor A*and B and 5 Ae ve, 


say aeBe €, * > 0. Then, Beges but +s é 
since (ve + 5° s2+ efew se > a" This contradiction indicates 


gs= te is not a - separation nimberf S = 2 - € can also be. 


es shdéwn to rail, Leaving taly s= ~ as the separation number's oa 


xdsitive rational ‘numbers B. satisfying pe >e2. 


> tot! 
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. . 
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a 


; . : 7 . : @, : 
a (e)> Prove that. i. as irrational, = = . a ee 
ae ‘ ‘ eo . . > ‘> ; : ae oh = . oe * 
° “a = ‘ Z . me . Pate . 
A ae. 2 as & ‘Fats onal solution oh lowest terms of , m 2. , 
* ways " + 


; ae a a t 8 4 ma . ca ; a 
Tren, P ae tnph tee “Ee is even and “thus P= en, where x . wees 


“ds an. integer. Now, ar = age implies q: ‘is even, which contradicts: 


a eee "our original Sssumption that» a is in — terms. - Hence ve js " ‘ . 
- ee _ irrational: a SNe py _ = 
son Rae eo : 7 : a a ; ' 4 a . Me ; .? . 
rae Ae fa)” Prove’ for every real mimber a, “that dhere*is: an ‘hiteger.- n greater’ “ 
oo . than. a °{Pr rinciple of es Pas a , 
° Reel? that by definition « = tober n. has. a. sucgeedtng integer * 
i ‘ ae 17 Suppose there were no integer greater than oh ‘Then, since : 
- _ “the Antegers would have afi upper bound a, they would. have’ a least | -_ 
. ae "upper bound” M. The “number -™ - 3 would not be an upper "bouna . 
vo . 7 an as > 4 & 
ee oe singe My is Least. Consequently ners is an integer “n >M - - ar 
. a ¥ _ * % ’ 
. . . Thea: n+1> oy * a > M, contrary to, the, definition of ‘Lea’st upper ; 
. 2 . vay ; . ‘ 1 am Lo . . : 
ay bound.: : : ™ 2 an oe : >, - : : 8 . tH. a * ees 
a : * ; Sg ES ew ee a 
. e So ‘ 7 js . + . 7 bl . a ~ . 
owe ’ Loatee ae 7, ® . ee = 
7 iP ; . aS . ; 7 i " -s , a. . ‘ 
: (o) Prove that veivga any €>0 there is en integer n such that. re 
Ns ‘ “e ae ae rs re _ " S . 
+ a. 8 aan : ‘ . . ' - : : a rar e * 
‘Part..(a) proved. that there: is an integer -n >= + Hence ¢ > Ro 0 wee ar. 
. * 4 : Ln * ae 
i) : eN . : . Ne : 
a . . Y . x . : _ ~ 7 4 
a 8 . : .e ~ . . : = : . . x S a we 
¥ ta); We JéPine the tarinite ‘decimal ioe ® oe a e. 
CSO Tn Fae a ae a oa 
tk - — where 0. “ag nr’ integer and ae 7» &,: cs 9 eee 9 are 2 digits 2 ast BY 
. # se tie pumiper” r where —— . % Bt eH eas aa = 
* “oy ’ bd ec Cc : ir ‘ = > oy as a tol a) 3, - 
ie . 3g +4, re ae * fp : n : 
— “Ft ee naman Oo tees ch peed g 
we * it 108 08 ti" oe 
"dis Fe Show: thet ye precede ineainggy does: ; ig a Gerins a, . wnique 3 
: fas cael , Set aa M35 oy 
LMR sees tees RP ~ 2p ee tes woe idbadt is each aeaeion et reece . * ei aS 
. ~ ee ee . ary s . ae a . * “e _ . ey 
* * .? ‘ a 2 , se 
‘ — a : _ = % _ ; ; coy 
Oo . + oN \ . -, a sy : 2 > : 
’ ; 7 ” 2 sO a 7 - v's Bes 
. , < + i, 23 2 ra ~ a: : 


A Note : . : oad 
. . i 5 ~ + ‘ 
: J. 4 7 a oe = ‘3 / 
ee ae a . - ay “a : . ” * Rete, 
af é . ; i ‘ “ ok 
= . 7 “ . . » ‘a * a 


‘ o 21. aes a e- 


a _ Define two oeee: ‘A, the set of all: a2 and bh, the set of all —s 
a ne db, sothst 9 | es a ee a ee ae 


. a iu . a oe on : 5 : 
> as a . . e Led _- 
ne. meg tht ve Be - : 
; 7 ot 0 10 10 vs ; 
Ww S . : \ . ; \ ‘ 
= \ . ‘ : \ 
: 2 gz ‘ . . Je oa 7 . ‘ ie a 
7 a uo b’ = ad : a a as 


. eas Z ¢c + + coe + es eee 7 
‘ n°: @) tO i é . sa Ne 

. es _ | Fe . : : 
— “We have a,er ‘< Le Por sll ne. Then r isa separatioi-number Seid 

: for A, and B. Given any ¢> of: then b "+ a ee < ¢ for 

7 y i f . : . 7 ‘ n 8 n 10° - . 
. se, Pag Sac é a : =) : ; . . 
sa nm osufPielently. large. By Lemma A7-1, yapne unique separation 


x 


ered for A and B. > is 


Pa ‘ _ . 
. Ee Zz: a Ob) Given"s a * yeal nner ry we define its- decimal representation 


\oe “Yae of Fecursively in terms of i Anteger part function [x] as follows: 
ra ee , a Ur} a . 


_ 2 > ¢ c C.. . 
re. EY & . ae . ol . me 
ae CY . + “ 3 oan . .. . C. sad [aot a “9, “10 16° eee - at), 6 . és hee 
es oe Show. that the. inequality in part (a) is satisfied for this choice of 
es . : c. . Show also. that decimals» ‘consisting entirely of ya from some 


i. “as oats on are avoided. (Thus ,* we obtain 2 = 2.000... but not 
, N ms 9? see < . Ny : . 


ae . ° a - 

eo. : € es -~ : : Los ces .f ; ~ 
— = % yl‘ en ea : ; : ™ 
Since x ~ 1 <, [x] < x, » _ eee on Pe 
. \ ae ee . eased " 8 . 2 oe nF ~ : . “ 


we OR . ¢ , (2) OME . c ne = Sask 7° on <a . ; : . 3 
a 8. See . aor < 
wig Sia woos ae . . . $ a x 


oN ot : : 2 ~ ~ “3 
ae as : . - : : = 3 £10%r =e are 2p, \ 


aie 
¢ 


. a Poa : 7 . 
or equivalently : . | 2 oo” 


a ~ . N 2 2 f 3 
(2) ee pe oe oe ' 


sree (Note the: strong: inequality, on the right. i a . 
e. "Next, we establish for - n > ‘tr that. ¢, is ee vy #4 
stasis ae 5 pas Mame tng? mathematical. indleation.. 0 ener nee eT? 
a , is For, ay) we. nave from — that. “07 ~c Oe -le< < ef ‘e0le - ~ al 7 . 
‘) eas. Sy Oe Oo 


uae ‘where: . . ox (r - & 


3 : Lo A ao ee - je ky ‘ . ee , 
ote at PS x = gl % aa : . + “ae . a Se 
— . Hence, oe ~L<a < 10. - so : “3 oo 

te ce , we ae ; 1.2 . eo ; : = 
‘i : : “8 : a ; . . andi 
? « ee ay 
ae * %. 
\ , ® , * ™ a 
« +4, S x 
‘ 
: 4 . : . : en : = : 
’ ‘ on 7 ‘ 
Sn ee ° » > e “) . 
3: ye . a 8 = we] ae . a . 
4% . 2 45 : ; F . . . . 
2 ans) : : : ~ = a 7 
a : be aie!  * a4 8&6 . * A . 
or es. es a : ‘ a % . . “ “ 
soap S g yt on a, 8 .7 ars Yr 
' i : ._ ™** es] ‘ og x 
ERICs 26 ot, S273 
. es . - a . a ‘ S eS ry 
. . * Ps * 
ape ore Sg Se . . . 
. w toe 


x 


or, since c, is an intéger > 
i 2 tert 


~ 8 
Now suppose that’ 
the Pe age Number 5a, we see. 


0, O<e, <9... 


rx 


- 


oy 1&2 Algis- o< Sy ce oes 28 
Trom (Y) that ee” wg 
., 63) perete ss, <r. 


OW replac 2 ing 


n by nel “tn (1) we have 


? 


(4) 10" -% 


ry 
SUPFin sg 2 


at 
: = ~~) a - ss = 
oe mL 40". elie _ ior". 
Using the inequality £2) in (4) we obtains 7: 3 


, 7 Cnet < 10 j 


+ from which we conclude that c 


8), 


ntl. 7ES8 agit. Se 
Now, let us suppose that r- cy be represented. as 
int inlte Str inaeE J se : 


. 


g decimal + with an 


Al 
= Gye hee a, ae 


d 299 toe . , “_ 
whete we may without loss of. eenerygity, suppose that’ either pe 0 


or a, #2) (iee., that the last decimAl place where a 9 does not: 
eppesr, tf there: is any, is the p-th-place). <7 the nunber . 
po BG AR Oa) coe £3 

Take 4,2 9 for q@>p. For any thdex Q then, we see that both 

ts) and mr lie between the numbers ~ og _ $a. 3t 

; a... a 3 : 
: 1 7 . ~ f 
ny a : * = + ven + ee ? + - 

A . ‘ a 2 io# : ’ ‘. 

. a . S & 

as : 1 +.a ees Me . 

and ee a, + a bee +t med . . . ~ 

* ’ i@) a 9) 10% ‘ . 


, Since the upper ‘ana lower cominates here differ by =~ . it Follows an a 
6) ro. 

that p =r, ~ Now ‘the method of Feprepentetion iven above yields | 

& unique decimal, since (2) is equivalent to the definition of a. "eh 

by means of the integer Part function, aahing ce ad for” a < Dy 


% v 
. = =ITea, ‘and. == 0 for | q> Pp, we see that equality holds, on 


7 5 
- e a 
Re a e a 
_ » 
. 
> 
° 
7 , 3 ‘* : , 2 
: > 
e " 
a : 
* 
. : a 4 . * ‘ 
eo . 
N * = >» vf 
» > % < . ‘ay 
: . 
. 87 ok . > 
* »> ew. 8 =. 
Se ab 
2 ~ . j a ie 
+." ’ es he ars a . 
eh “ “pty? ee . 
‘ wae ee L Ae . e x a 
~ 4 3 . : 


bad 
+ . 
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” Thus 


-N 


‘An infinite jecimal &% ee 


fixed value p, the 


integer satisfying this. “con 
decimal consists of thy 


we. L 
. 3 


. — 6 


L 2°, 33333006 


1°s° 3 eee Is said to be periodic if for some 


riod of the decimal,” we have. c=, fer all 


ntp 


a satisfying n>n, wi re we require that p is the smallest positive 


ition. In words, from some place on, tie . 
inite repetition of the same p digits. 
7 : 


* 


a 


hd 34090909 iad : ry 


are periodic decimals. It is conventent to indicate a eycle of p anes 
, by underlining, ‘rather than repetition;. €. Bey 


= 3 42857 e 


(a) - pecve that every sus decimal. oseepente a rational number » 
7 (Hint: Consider’ the decimal as a Eeonetetc: progression.) 


ae bP 


. where Le = 107 ac: ” 


° 


Waence we have es ae : < eae 
4 = 2 ey 
a : : . . * - . "ies a : V ca j > 
\ res +. ior a wl 7 ° . > 
i ee a 10 10° q (1 = LO Py Hg se . . i 
: se (10? bad ly + B. bd : 
Ye Le%aoP - 2). 2 
_ Which is a rational number, since 
. a . . 
are integers. ° 
2 : * ‘ ers ; - 
. % = . a 
2 SY » * ‘ 
~ e « « 
x &8 ; me © : Re : 
ee Lp x * ng * 


ie Bprq 
+ 20% 20P"9 10 Pra yosP*9 


\ ana B = 10? Yo Ligh, ob). 


\ This Jatter representation. for r is an infinite ene sqpleg 
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- 


ses eg Byby tb, 


+ re 


e¢ ae : qd! 
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(p) Prove that every’ rational num r Ras ope rlodte decimal representation, 
(A “terminat ting” declnal in whieh sach place beyond a certain point is 
zero io sonsivgrefas u speelal Suse or pertodte Jecimals.) If 


. ~ is 
? roe = repretents a rational al eiven tn Lowest terms, Pind the 
Largest. possloie period of the tnt Inite decimal representation om ee 
rin terns oF the denominator 1, ‘ 
: From. Sx) and fp) we conelude that a decimal which is not periodic . = 
‘. vepresents an irrational number, uni conversely, 
\ _ a 
We Sirct sunmir 4 Speotyi2 case wnied contains the germ or the proof: _ 
Bae mS . H . . : : 
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. ++ Se, 2 = sere ¢ and tT are relatively Brine and 1 > 0.. ee 
: . . : : * x a rw. 
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= Me Dake tae ls Poe aod? te where m has, no factors of 2 or , 
ue * ? 5." LA ax : & : 4 
+? wet ag = xoxbg sd}, t = L0%m.andpfewrite rin the ‘form Oly 
, a ~o ; wy ‘ : ‘ Se if : 
be H 3S i F . ? 
1° ; 4 % "109 3 ' 

‘ . os - . = , i 
: . : : . = , * ; - . = e 5 6) 2 . * . . *S ee 
ra Lage 6 Ro aha sare relatively prime. ; a ay : 

a . » = . . » a & = : 
an y , a : : ’ ee j ; 
” 7 ec ‘ eee ; : . _ 8 ba] 
a SLY OM Se VE exeotly . a é . \ ‘ ; 
yee \ R N \ : 2 . . 
’ Ld 2 » = = 
a : S . e a 
. : a , a) r= dimen <8 @i 2 e ULL ; arg, a : * 
*\ % 5 ee | 9 : 12 - q ; rm 
‘ a 4 40 > : : 
> a: / . * : wos : 
ew a) os . m : aN ri he 7 : 
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*go8 ~ 4 s My, 190 ue - 2&5 ‘ a ae ed 7 \ ‘ 
2 . : cd >» ‘: we ; ~« . ‘ 
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. “os , Me : - % . . 
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‘ Rinét ton for chords through arty nt _" in I is ‘decreasing, then . 

‘ - 
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| q, SS ae rer qs ae 


oe ee "This inequality can “bel interpreted geometrically as 8 statement that . 
+ the* “slope. of the chord. joining the fixed point (q,£(a)) +o any ’ : 

point (x »f(x)) x I, is a decreasing function of x on! = oo 

follqws by Numbet 7 that the. ‘graph of f is concave, oO i 4 - : 

; = 


» 
~* 2 96° (a) Let x and y be two points on ee iterne: I in the domain of a 
‘ © ‘function f. . Show that a point ‘is'on the chord joining the points 
(x,f(x}) and (y,e(y)) on the graph of f ,if ayd only if its ; 
. coordinates are . : 


r ox + (1+. 6)y,oP(x) + (1 - e)fCy)) ee 8 . 
” 3 a Some © such that 0 <6 <1. : — 
cia ee, Ir A(at,a) ona Se b) are points ‘in at plane," en ay) Ye on 
te the line AB if and only if, - +, * . > he 
+ = -» Ddt--d. ‘bt ae . 
“oe _ = ert ate ee Bx > a) + be 4, 


. If we further require that bx: xy) be on the ceeuent A then x 


; ge 3f 
° os _ must be between a and at, inclusive. Then Pes . takes ga ee 
~ 8 . all values | between 9 ant” ha “inclusive. hel we Let 6 = 7 
* a — . > 4 . a 
ww ‘ qd : _ 889 ; oO ny 
ne > = ay vee . = 
(<) * : . 2] YB : . a 


og ico , 7 e. * - oe =o 2 = 8 Pe ae 7 7 _ 


.4y 


- = * 7 : 
= ; . | : ; : e . < 
» then a 7 tx = (at ~a)o+a ‘ a an % 
» and ” és y = (vot -b)9 +d NY . 
Or, , *. x e Gat + (1 = 8)a, v8 oe 

oo and Sy = Oe + (1 - 6)d, - 
_ which was to be. shown,” se _ 

= Since ae o ‘takes on alt values between 0 and 1. for . , 
. 2 ae xX <a. and y :b< y < b*, the. converse is also true and . 

_ all points (aa° . om = sla os e194 Ss 6)b") are on AB. . z 
’ » we Nees 


(>) “Show that a aifferentiadle: Function f is ‘convex’ on I “Lf -and 
. + only if for all x and vy in I and all 9; o<é<l, 
‘t( Ox + (1 - 6)y) < of(x) + (2 - Oty). ~ 


. ' : . a 


Givey a fysetion f: defined on an interval I,. any parae (xy) 
on a chord of the graph of f will be of the form" 


x= 6a+ (1 - eet, —_ \ -_ ; —- 
7 = of(a) + (2 + ete, = 2 | 
, where , 6:0<0@<1 ‘and at, "a ‘bre any ‘two points on. I. if we. . 
" require that f is convex on I, aes y defihition, all, chords. | 
“lie above their corresponding arcs, oF ; a, . 
: e as OO a . 
- 3 f(da + (1 - a") < ota) + (2 - " Bhels*). a _ 
‘mis equation, ‘then, is just the euatyelc ate ik or f° lt 
taken to be’ convex with graph flexed upward. ary) if the | : os 
bad . 
graph of f ts ‘flexed: downwaged , ot > . , .: 
, (ou, ee - 6)a") > ot(e) * a - ora’ ). 
(c) Use (b) tof show that the graphs of the “foLloving fupetions & are convex. _ 
Ww fix teaxt+db. . 
: (11) ff: x ax * 
° (141) fx > ove. 
(i) Jel) Saxed Ste Ft 2° 4 
«6 £(@x + (1 + é)y) = ‘stae + Ste - dy) + b> . : an. 
. w Olax +d) + (1 = 6)(ay + db) oo, a: 
: , = 6f(x) +,{1 ~ 6)fly). 7 ae 
> 
. , / é 
: , 890 : 2a . . z 
s fel : n @ ° : 
: @ % oo Se a. 


a \ 7 ae P . . 
Cit) oeleyY = x - : : ” 
. . * . ; 2 Pa 
; a rex + (2 + s)y) =.fex + (2 - =)y) (" oo 
We want to, show sO ° 3 " rs sos 
~ e an . ; r . ’ a a 
: »- . ey. « 2 3 ? . can * i 
eof : (+x x7 ail - v)y)o< ox = (ls ayy‘ Ray ‘ 
= ® é : . : o° -2 . ) i « . , 
ot bax CL = ay)? - 8x? 2 - @y?. oe 
Sw . (e* ee ae aly + er 7 a)® 
: > ee = = . Se oe 
| ee 1 ~ oyP'e 
« eee 
| sinee (x - vy)" NO and o “O<0 (0<6<1). 
. e : ~~ ‘s ‘ ~S * Ny 
(4k ue 20) = . cr ( — 
‘ \ . a P , . i \ 
. rox 3 + a 6)y) = = fox + (1 = S)y ; ne: 
a re = . We want to show  S - , af ae ; 4 
: 7 > fig 7 l - O)y s vx save. a . : mes . 
oe i re 
, , If this ts true, then my 
2. rer 2 ol 
+ (1 - ey, > 6°x + 2e(1 “ 8) Fxy xy + (1 -.6)*y. 
: ‘ \ 7 sey : : Mo ‘ . “4 : . 
_ 7 : 8 Since both sides ‘Are\nonegative, then Sos aed 
\ ees 1 ee 0 PHBH - Pao . i “so. 
ae. —_ or (as Ts 2K - §)* > 0, which is a .true statement. Pe 
. Stattine from this fact and reversing the Byers taken 1 above, _< | 
7 ; we “gbtain the desired ‘result. - oe - 
: > © . + 
TS. Ca Di Derive the following property of differentiable functions. at. the . 
. graph of Y is concave on an interval I, then for all points’ a > 
ae to bo in L and any positive numbers p, q 
ae ne + qb) S pra) + qf(b) 
‘ 2 3 PH Qo =~ op eq . 
* : Ia words, the function value of a weighted average its less than he 
weighted average of the function values oo ee a tases 
* ‘4 ® . Sr 
We have for f that) | Bask, oo . ; a 
. f(a + (2 = B)b)p> or(a) + (1 ~ e)e(d) | ‘ = ae 
cag for all a2Oe Gel, ~ * * ™ 
* * . . p 7 . * . ae 
: Rut 7 » £3 + ope a 
bis and . 1 Pere Poe: a . 
: : -B+tQ preg 
. ° w : 
ae 82 . <2 


mae) 
, an 
C 


‘~ 


& 


ML 


. 


x 


% 


to) Prove that. Me p property is sufficient for concavity. 


(1) ; mS (2 $i) > _ + s_£(b). 


~ me ~ ~ o. ' y 
. = e . 
' ‘Setting® @ pee ~ 9? we have, 3 . , Sc. 


= 


p*a PQ 


a 7. 7 8 


| pepe gt pr(a) + gf(b) : 
ERTS rary yl )> 7 * 


- Since eee tay > 5 eele) + otf) for ali ay q ‘positive, <a 
takes on elt values between q and - 1 exclusive. _ Then setting — 


p+4 | 
@6:0°6K1. For @=0, t(e) > le) and for @= 1, 


f(o) > f(b). Then by Number 9, the graph of f£ is concave. | 
‘Together (a). and: (bd) demonstrate necessity and sufficiency. The . 


* g92 bu , e(aa + (1 - @)b). > gta) - + (1 pro) for 


_ eriterion then is an alternative way of characterizing differen-. - 


eiable: functions. _ es : a 


¢ 
Prove that if t is differentiable, then a necessary and sufficient 
condition for its graph to be Concave is ‘that - 


. core) > f(a) ze. 7 : : . a = - 


, 


oe 


To prove necessity, use: results established in “ayers ises AT=b, uber 10. 


and set peqeal. 


* 


e- 
To prove sufficiency we must show thet if f is continuous and 
. 


a all x, then ‘the graph of %e is concave. "We observe from sas that 


“(Aes ca) (353) (3) 


_ . > Hels, ) + f(x, ) + P(x, ) * aD) 


\ 


- Doubling the number of points repeatedly we obtain 


\ 
» 


whete on is a-power of 2. : . oe ky Oe 
Now, if p and q are nonnegative integers. with P + qe n (2) we 


obtain ° Le. ee x a 
a — ey & OS 
* pa_+ab) . pfla) + gf(b) 
(3). * % . A 7 e( P + q ) mS . Pp +> aq . . . : 
* 892 = | ; : , , ; 
As * ff. 1g “ 7 ~, 


We, 


» 


ee ee ee ee a See te 
ie (2) . . (2 - _-. 2) 2 2 Hely ) tae + ele, )- _ * 4 “Ss 


? 


To prove (3) for ell real values of. Pp and t; not~ just nonnegative , anes 
. values which add up to a pe of 2, we must use the continuity of" fr. 
cdavetity will then’ follow from the result of. Exercise 10.° « 
Setting 4 =. a we rewrite (3) in the form ‘ 
th) tea * (2 - 0b) > oFla) +.(2 - a)£() 
ae where A= ead is any rational number with denominator a power Lb 2 
satisfy ing o< 0° < de For any value Xp in a,b] “we put 
= 2 ‘x,=srat+fl-rjb- - _ . 


0 ~ 


where r is now a peat number satisfying O<r<l. Since f is 
continuous at Xoo for any pgsitive € we may choose a & > QO 80 het 
|x = Xo | <8, insures *|f(x) - £(x 9) | <e¢. We put x = 6a + (1 ~ o)d 
where is rational and has a power ‘of 2 ‘for its denominator . We 
shave e ‘ : “ . 
| lx + xol = Ife - re - ve (> -'a)]a- rf <6 


’ 
° 


— ~—~tprovided Ae -ril< os ‘It follows that -« < f(x) - f(x) <€. 


, 
. 


At the same time = - . . a nl os « . 
-ler(a) + a - e)f() = re ta) - a - r)etb) | eee: 
ee leer] + [£0) omy, ee a 
| .. Ble(d) - tla)| ~ “ee 
b ee a v ° , : , 7 o 
We have \ . ~ ¢ oe at vo * ag 
£(xq) > F(x) - € > ef(a) + (1 - e)t(b) - « 2 en e _ 
© > pela), + (2 2 npr) Le - Te 3 
: m 2 Pa * ¥ , 
, Given any € >0, ‘then, ve take c= and @ < & but sufficiently 
: small ~S1e(o) = e(a)t < ah and choose an approximation @ to r such:- a, 


a 


=: ~. We nen ne tlre - + ac. ~ - r)b) > ree) - + 


that le. - are < 


. (2 - - r)f(b) + for each positive ‘es This can only be true if 


f(re + {1 - r)b) >rf(e) e(1-r)e), - is 
We have extended Bretton (4) to real values ‘and the convexity of 2 
follows. 
J _ 893. 7 . i : 
Y . : ry a : 
es R roe | Py ¥ 


1. 


ce ale bes the itne, seRMmENnt connect ing. Ox 80q ))- ‘and y (x, st(x: 3) ; 


oN ’ 


; v a a ; 
‘ 3 . 
ya .* fle we 
"4% = ee Te a: + = rT 
8 » « * , 2 - . . ay / F> 5 ‘* = . . . 
Pay x a4 . - rw 2 a = . ne po ee 
The graph or a alfre enviable finevion f is concgve.and: £0) we 
positive for alle x. Sho» teat fois a ‘constant fu sion 
> : 7 + 8 _ ts ee = - pass s - 
7 a oe. e ea Se : v an ; : : ; 
— : . : ee OMS. 
Solutiony ¢.rro =) ; > shenectstahte : “Shen “siner exist. Xe x," “and . 
Fa tt Ad 


> ae sagh that 2X ae and tx > 4, rt 4 i SRY hy, ) ath, ye ola 
ie E a 

Now the Line ee tas ote YF Gee! =): intieroeote the x-axis 

at come 30% int. > ra a we ey aim that. (x, y< x 9,. which~would contra~ wos 

diet 2(x) poopie. Por if! Psy) > ** 05 i Ge ‘tHe. point fx. ,tlxg)) 


-contrad toting, < cones Vee , 50 the: sosumpt ion of < Oe has jee 
‘RHO 8 cont radiction. te ; : : ; 


ynder what eis Sanivtanees will the ‘graph of a ‘Punctiea: tf. and ‘Tbs tnverse 
be conkave? One concave ald tte other convex? 


an 


_/~ ’ 


raleulls: Let) I yo] Me an sceermt in the ‘domain of f oe . 
the ersphlof. f on. Ta,b] is concave, Hit is ‘interior to the. angle of | 
(a,f(a)) formed by the ray. to: (v, t(v))' with the ray gojng. vertically 
upward. Reflection in the line y = x ‘takes. the upward ray into. a ray 

going hortrontally to the right and the other ray in the upper half-plane. 


Ifthe angle was acute (f increasing) the reflected graph.lies in the’ 


first quadrang below the chord, °If the angle was obtuse (f _decreasing) 
the reflected graph lies in the second: eee above the chord. The 
sige: argument can be made algebraically. — ; a . : 


. a 


ae ‘ Aes wt : woe = 7 


With celeauiiies * Aauuhe ‘pt , and ro exist. hen a8 ‘and gh “extsty 
where g is tHe inverse of f.° We have. 


. . “2 tard] = att(x) + £ttx) “s “4 oe, 


or ee as . ert(x) | = FU ; ig ee 
wets) «2° ) = st") - PA 
a t(x (x aoe wy | : 


ay 


ae 
“2 


\~ 


ae 


“ > ; z < ya . z .¢ 


we os Pi > : . *. : 
an ne . ~ 8 a sk 


~. ~ i i : - . es 
» 


ae o : of : 7 i _ . es a . e"e(xp = EG) _ a ‘* ; . 7 ; 
rr a | Cer(x)) a ss 


° , ‘ 


Ts ate , i e oe — 2 : 
- 5 8 £"(x) <0, then > g"e(x} > 0 if etx) >'054 efx) <0 “Af x) <0. 
oe : a aan ea. _s 7 me wy 


‘f-inverse flexed upward - -_ * 


a . 


f. increasing , , a — : 
’ flexed downward 2 


: ; ia 2 > 
’ * : , & = : ba ad 
. 3 
.& ¥ ~ 
" ‘ ~* . 
, » f. Sd e ° 
m : « 
. ” a * 
it, as fe ‘ . 
. : es . : se s + : 
: . & ‘ - ety . . 
2 ° Y . Mies 
s na) : 
: i a + . . . * 
a ’ . , ; ; me . : 
oe. F f decreasing, flexed downward Bo 
>” : .. 
be . od a ' ‘ i 
’ ~ * v ~ ‘ : 
x : : . . . _ > cca ae 
; . > x ‘ . ; : . A 
Cece 2 es . 7 ee 7 7D . 
eae ; S ot f-inverse Xm Ho a 
as . . : . . % 
w - \ flexed downws = ce! 


BF < 
a 


Se If Me cher of D Prrtx) or D Pr(d) is of one sign ror x > 0, show that - . 
. RK *the other one has the same’ sign. , Interpret ‘geometrically and illustrate. 
“py several easmptes : oe . 
Sa . ‘ 1 - : N 
7 Define : ‘and & by. ft : x Fl) and g:%X > F(=)... We have — 
; ° - : : 20). = F(x) + Fix) = 
ana ( : : . ; = - on en 
: 7 ‘ wk , ry 
: ; . . 
v, * 7 . i. * 


2 eQ. or 


. ‘ . ‘ . . - . 2"(x) = oe + —— = wee (4). 
, oe Z " wg x? 
ae _ Since x >0O. for x > 0 >. the result’ follows immediately. Two routine 
, “examples follow. . ou , : 4 ee 
a on ) , MPS te9 “eo. ae 
re : x : ; . & gt os 7 Yo e* om 
| a, wb FUx) = 3x° $10 
: : a : » x . F" (x) s 6x >0 . : 7 Sy * S a 
5 > . i : met sy : ee ok t . 2K 
. ¢ 7 a : we = Ft(2) = 3 * 1 >0o ~ 
— > x xe a ; 2%, . 
aes. ae 4 Fr@® Kos Ola age x ew oS 8 
5% . = : 
g — ay 28" (x) + BF* (x) >"o for all x>0° "O°. 
“ _ ¥& FC @ (a) + my 2 S > for all x. ee , ; 
. . 4 3 : . a ° a 
xX. x ye: 7 _ 
(ii) F(x) ‘ot _ »s big 
3s “a 
2 Ll 1 1,2 
kN BAX) 2 Be ex? + Oxy FMS) eee SS 
‘ x 3: 2 xX ’ : 
53 . . es a ee 
. * - " “2 4 22 2 , yo aa 
> sy BM(x) = x 2x 1925 eQ- ere, Le 
, ao : ‘ . sai _ ae 
. : = . 
-_ ° 1 x"(x) + arta) Sg +o ae + he, 
tee month a Aye + §) >. - ‘(Diseriminant < 0). oe 
7 3 a a 
; ‘wv os ™ . % 
. > a ‘ . x x ‘ 


vr 1 : 
es ee ee 25-64 ‘oe 
oe “he ae “6° 5 a Y . Sys g 


eS 3 Ble ere ok oe Spe va - 
a . 2 *-, x a. sy * C3 
s ry 


If the graph of "x ets) is convex (or concave) 2. then 
the graph of ‘x Fe) is convex (or seacade), - ss. * 


7 896 a rns 


« : 
. * . 


weir the yruph of f° is concave and F(a). = ¥fy) = F(e) erevex 


—a<b<c, show that F(x) is copstant: in fa, ce), 
r 


. Fa . : 7 " c + ; e* 


: at 


ERIC. 


JA Funrtoxt Provided by ERIC 


aslts r were not constant, then since the ‘curve lies nowhere below its 
| Mehord we have flu) < f(a). But “(bd »f(>)) “then: lies below both. the 


‘ chords from (e »f(a)}- to, du,ft(u)) ana T¥om | Gt) to .(b,f(b)), 
- contradicting eanearaty 


Cee 
“16. (a) Let a, “by c. be ives inte. in I Sueh that a<b < ¢, and 
bs ; _ suppose that the graph = f ‘is convex in I. Show that 
ts they ¢ Sb ee) BEE ate), 
Vd 


(Hint: use the result’ - Number 9): . 4 
HENCE show that sy 


f(a) > Sn $2 t(y) = Bom | Bm! ee), 


a) He 2 ges se £0) - SB pla), 4 
Simitsrly to 4a) ere is less complicated as we are on the number 
"Tine here rather’ than the plete) b = 6a.} a ~ 8c, for some 
@:oace<lL,. “Then 


‘ 


ee .&-d ~~ bea : 
.or 2 8S ety (lope eee, 
. : » Py 
i c «bd bea. : 
ms 3 Be ee c | a = 
Now, from a(t) we have that -? wy 
‘a ; . 
FCs) < on ry a 2-2 ea), 


< for the graph of f flexed upward. Mletplying both sides by 


ETH? veget £0) > e(0) PEE + tc) BES simraray | 
| He) >to)» £E8 ele) fet. a Oe es 


(3) If the graph of P is convex in a closed" interval, show ‘that F. 
» Is nae the eieiiacas _ . : 


~ 


‘ 
. i Mee RS 8 ate eR tS 


It is aa immediate consequence. of the flexure « of f that: it is. 
"pounded above. Given a closed: ‘interval ‘Te, 6 in’I, let the 

+ chord connecting | (a,2(a)), t6,2(p)) be described by the. linear 
function g.. Then’ a(x), < max (f(a) ,P(B)) on (oe), and by the | 

7 | Upward = ~f; f(x) s a(x), <.max(t(a) ,2(B)). 


‘a. 


4: ike el te a ae . a we i . 
za Fe ay : . « 
. x : Sen ‘ ; : os a 8 ’ . 
. on _ Se lye, Se ee _-4 


- 


. . P ae ; i» ; z . . . cid . 
So Ro Bind Lower bounds for fy. we use part ne Take any point, oa 
. in (a, 61. “which is not an endpoint, so that: a < Y<B. For a 
 aSex<y, we have x <7 y"< fp and ; as 
7 Ve an etx) 25 B=% er) - . % #(6) bys (a), 
. Go. id oo ss _ 8 E F _ Bus oe ; x i . : § 
. : = = fe x a 
Se 3 (Ee ne - ted a 
- ae 2 = a a = , ie 
e wie (ee8 lode en 
N 2 ee 
sintlerly, for y<x< B, awe have a<y<# end: using (a) azain, ‘ 
‘ ‘ . . . ? . 
Soe) etx) > -(E 120) ). ~* 3 . 
2 Oe Show by a counter example that the eewt in (a) de fos vasa for ‘an . 
v one interval. \ w : ! 
The gyaph of f£ 3X +s is convex on (0,x o> X o> 0, but is — 
7 : unbounded. However , fis always pourtded ert on a finite open 
=~ - daterval as well as finite: closed interval, "as can be seen from, the 
proof of (b). : © * .yy ’ 
° . , . * : : . : : zs . ‘ a’ ns 
* , ‘ ~ ‘ 
. ’ : ’ e 
. : ~~ 
- = be a . 
- . , ‘ 
‘a 7 a 
a ° —_ a 
- Tre e : : 
, b . te - ~ J . + ~ 
“ a <? zk 2 
» . oo > m 
» * ° 
a e Jf ; 
m 3 & as 
F aa ‘ a Py ¥ nw x 
: = ° ~ . 
: 2 * 2 ee ad . si a 
ry 4 ‘ . 3 . ry 
‘ 4 ; 898° - , : *s 
: waa 29. 
<) . 3 * _ ‘es a 
ERIC ee ane) a 
a, ono ace zz 
Sn a : = : 


Teacher's Commentary ae so oe 
Hipende g 
-. MORE ABOUT INTEGRALS 
- | .. 8 . 
: Solutions Bxerelace Ag A821", as ae . 
— _ 7 : 


l. Let f bea function which takes on 4 maximum and minima’ on every’ : : 
closed interval Aevee, fF could be = continuous function, or monotone )s ” 


s 


. x, . 
; . Let Ufo) and 4L''c) be the upper and lower Riemann sums obtained by - 
oe using the maximum and. minimum valuts of w'x) as the appropriate. bounds 
- * in each interval ne subdivision. 


Let c, and a, be any partitions of ‘ta, yo). a for the joint - 
subdivision g = o1-U 0,5 that : ; _— . - ae 


UC) BU") 2 Elo) > 1%(o,). 


a ae In other ‘terms > oy addi ng nw "potnts to 2a wetsl ish We may reduce the 
fey 25 difference pennest the upper and lower Riemann sums » and we. ‘e@anot 
, ss ‘tenes it 


‘ ; 7 
- “dat ¢) = ious, } and consider the partition t of thefexb- . ms 

Aw « 4 ies ts (ag sty sees st, } where Yo =X, and Uy =%. and 
Wy» Ups ee oe are thoes points ve any) of 05. which hie in. . ~ 
the interior of tx. p%d°- Tf M, ts the maximum of f(x) in 
x: ppXl, then fox the maxtenam ry of f(x) in any subinterval sa 
fay. 98)! we have vy <,. It follows that ge" " : 


. y a * a. a ) Say . 


«Ne - % 1) 2 285% am 


Thus we have ‘compared. the, k-th term in vu" (a, ) with the sum of those’. 
terms in vu, “(a) which correspond to the swbintervae of [x ial 


It. follows on aaat ion that He 2 4 ‘ te 
x . . . . ox Hq 
. Wa) 20%). | —_ eS 
Inv the same way, » show. ae. Lee , 2 ome 
2 | UC) $00), a 
a, Since u *(6)” ant L “(o) are upper and: ee sums for the same partition 
> * x , i ? = 4 a : _. “es 
S. e 3 i > : -_ oe *(o) <u “(a - ; , ° - 
° ‘from. which the result now follows. . . : 


3: 


O 5 x irratiqnal ; 


15,x * rational .. 


eu a the integral of ‘f oes neat exist. 
‘ - ‘ . ales aA i : . 


- a. 


Every interval contains poth rat onal, and irrational points. Consequently | , 


the maximum of f(x) in every in erval is “1 and the hindimum is O.. 
For .ny partition, ¢ of {0,1} % 
dower sum Ly , : 


er -U-L= is 5% Fea ; 
1 
hans M, > > a and &S < oO. Tt ae thas 


es 


_ and a ee ’ 


“ - a n 
u-L> >) (%, - sa) 
- ks . 


>1 


for ell upper ‘and ower sums. a" Bes 


As an * upper, bound on the number of rational points with a given 


* 
“ 


The’ eriterion of Theoret 6-38, cannot be satisfied and - £ 48 not 


. integrable over [0,1]. . a ae . ~ 


~ % ; is 
. 


Consider the function f a on fQ,1) by . 
a 2% “irrétional es Ls 
£( a = 
: ; > x rational, xX=— in lowest terms. 


ov, t 


Prove that the integral of f£ over {0,21 exists and find its value. ‘ 


* 
om 
» 


® 
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